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Abstract

Extended Markov numbers and integer
geometry

Matty van Son

We call two lines intersecting at the point (0,0) in R?* an arrangement. Arrange-

ments are solutions to equations

az® + bry + cy® = 0,

for real a, b, and c satisfying b*> — 4ac > 0. Solutions to the Markov Diophantine

equation

2+ y* + 2* = 3wyz

are called Markov numbers, and are a key component in classifying 2-D arrange-

ments up to SL(2, Z) equivalence, as shown by A. Markov in the late 19*® century.

In this thesis we prove the following results:

(4)

(i)

(i)

There is a relation called the Perron identity between infinite sequences of
positive integers and the minima of binary quadratic forms. We find the

geometric meaning behind this result, and extend it to all values of forms

in Theorem [2.3.14}

Markov numbers may be described through combinations of the sequences
(1,1) and (2,2). These combinations are known either as Cohn words or
Christoffel words. We propose an extension to the theory of Markov num-
bers. The initial sequences used in the classical construction are substituted
by new ones with certain properties. In Theorems [4.1.27] and
we show that these sequences create systems of numbers similar to Markov

numbers;

There is a conjecture first noted by G. Frobenius in 1913 that says triples of
Markov numbers are defined by their largest element. We see analogues to
this uniqueness conjecture for each extension of Markov numbers. We show

that for certain extensions of Markov numbers, the generalised uniqueness
conjecture fails in Theorem [5.2.8]



Declaration

No part of the work in this thesis has been submitted for a degree or other

qualification at this or any other institution.

Material in Section appears in the following paper.

[54] O. Karpenkov and M. Van Son. Generalized Perron Identity for broken lines.
Journal de théorie des nombres de Bordeauz, 31:131-144, 2019.



Contents

[List of Figures|

[List of important definitions|

[List of maps between triple graphs|

(1__Introductionl
(1.1 History of regular Markov numbers| . . . . .
I|.|.l I!l“!ll;!!!7:i l|l§:!2[§:IIII ...........
(1.1.2  Graph of regular Markov numbers|. .
[LI3 Recentworkl . . . ... ... ... ..

[1.3.2  Concepts of integer geometry| . . . .
(1.3.3  Perron identity| . . . . .. ... ...
(1.4 Research layout| . . . . .. .. ... .. ...

Background and definitions|

[2.2 A note on SL(2,7Z) transformations| . . . . .
[2.2.1 SL(2,7Z) invariants| . . ... .. ...
[2.2.2  SL(2,Z) transformations of forms| . .

[2.3  Integer geometry and the Markov spectrum)|

Triple graph structure of Markov numbers|

[3.1 Triple graph structurel . . . . ... ... ..

[3.2  Ternary operations| . . . . . ... ... ...

10
11
11
14
17
18
20
20
22
27
29

32
33
36
36
41
o1
59
63
63
65



CONTENTS 5

[3.2.1 'Triple operation for regular Markov sequences| . . . . . . . 71
[3.2.2  Regular reduced Markov Matrices| . . . . . . .. ... ... 76
[3.2.3  Regular reduced Markov forms| . . . . .. ... ... ... 80
[3.2.4  Matrix similarity and form equivalencel . . . . . . . . . .. 87

[3.3  Graph relations| . . . . ... ... oo 93
3.3.1 Relation between forms and matricesl . . . . . ... .. .. 93
[3.3.2  Inverse maps| . . . ... ... 96

[3.4 Diagram ot Classical Markov theory. . . . . . .. ... ... ... 100
[3.4.1  Markov spectrum maps|. . . . . . .. ... ... 101
[3.4.2  Perron identity tor Markov sequences| . . . . . . . . .. .. 104
[3.4.3  Partial inverse ot Markov number maps|. . . . . . . . . .. 107
4__General Markov numbers| 108
[4.1  General Markov theory| . . . . . ... ... .. ... ... ..., 110
[4.1.1 Markov graphs| . . . . . ... ... ... ... 110
412 Minimum conditionl . . . . . . . .. ... 113
[4.1.3  Evenly-palindromic Markov graphs| . . . . . . . ... . .. 121

[4.2  Proot ot Theorem [4.1.27; Palindromic Markov sequences| . . . . . 125
4.2.1 Alternative definition for S(n)[ . . . . . . .. ... ... .. 126
[4.2.2  Symmetry of construction of sequences (S(n))|. . . . . .. 130
[4.2.3  Canonical form for Markov sequences| . . . . . . . . . ... 135
[4.2.4  Proof of Proposition|4.2.2 . . . .. ... ... ... .... 139
425 Proof of Theorem M. 127 . . . . . . .. .. ... ... ... 142

[4.3  Markov graph relations| . . . . . ... ... ... 0L 144
431 General forms . . . . . ... oo 144
432 Matrices| . . . . . ..o 145
[4.3.3  General Markov numbers. . . . . . .. .. ... 146

4.4 Maps|. . . . . . 149
[4.4.1 Inverse maps| . . . . . ... ... ... ... ... 149
[4.4.2  Markov spectrum maps|. . . . . . ... 149

5 General Markov numbers| 151
H.1  General Markov numbers . . . . . .. ..o 152
[0.2  Uniqueness conjecturel . . . . . . . . . . . ... ... ... .. .. 158

[5.2.1  First counterexamples to the general uniqueness conjecture| 159

H.2.2 Proof of Theorem 2.8 . . . . . ... ... ... ... ... 160
[>.3  Furtherstudy| . . . . .. ... ... oo 165
[5.3.1 Some experimental data for the general uniqueness conjecturell65
[5.3.2  Open Questions| . . . . . . . ... .. ... ... ... ... 165




List of Figures

(1.1 The first 4 levels in the tree of regular Markov numbers.| . . . . . 16
(1.2 Twolines Lyand Lo.| . . . . . . . . . . ... ... 18
(1.3 The arrangement defined by the lines L, and Lo.f. . . . . . . . .. 19
[1.4  The point counting for the integer area of the triangle AABC'| . . 23
(1.5 Left hand side: some triangles with IS = 1. Right hand side: |
some triangles with IS=4.[. . . . . ... ... ... ... ... .. 24
[1.6 A sail and an LLS sequence for the form 7zy — 3y*| . . . . . . .. 25
(1.7 The LLS sequences of the sails for the form f(z,y) = bz? 4 1dzy — |
10y*. The integer lengths are written in black, the integer sines in |
whited . . .. e 27
(1.8 The classical structure of Markov theory| . . . . . . ... ... .. 29
(1.9 The extended structure of Markov theory,| . . . . ... ... ... 30
2.1 How orientation shows whether points are on the same halt plane |
ornotl] . . . .. 37
(2.2 The pentagons P (in black) and MP (inred).| . . . . . ... ... 39
[2.3 A point P in the interior of a triangle AA; A5 A3 . . . . ... .. 40
2.4 Therays Ly, Ly, Ly,and Ly |. . . . .. ... .. ... ... ... 41
|2.5 VfJr and V- | .............................. 42
[2.6 The sail for a = (1,1,2,2) being mapped to the sail of a3 = |
(2,2, 1, 1)) .. .o 49
[2.7  The sail for a = (1,1,2,2) being mapped to the sail of ay = |
(1,2,2, 1)) . . o o 49
[2.8 Left hand side: A broken line for the form 3y* — 2zy — 5z°. |
Right hand side: The sail of the acute angle between 3y = 5z [
and y =0 . . . . .. 52
[2.9  The LSS sequence for the sail of the acute angle between 3y = 5x |
andy=0). ... . .. . 53
[2.10 The four sails for the form 5x* + 9zy — 7y*, given by the LSS |
sequence with period (1,1,2,2).| . . . . . . . ... ... ... 55
[2.11 The form (y — 2z)(3y + x) and broken line A = A,... As|. . . . . 56

6



LIST OF FIGURES 7

[2.12 Sail and LLS sequence for the form 5x* + 9xy — 7y*. Integer sines |
[ are written in red, and integer lengths are written in black.|. . . . 57
[2.13 The kernel of f and the f-broken line PAQ. . . . . . .. ... .. 59
[2.14 The original f-broken line A and the resulting f-broken line A, C'| 61
[2.15 Structure of the Markov spectrum below 3. . . . . .. . ... .. 64
216 T] e s A ovcs Tl ) . 0 l
| starting pair (A, B).| . . . .. .. 66
(3.1 The first 4 levels in an arbitrary graph G(S,0,v).| . . . . ... .. 70
3.2 The first three levels of G ((1,1),(2,2)) . . . .. ... ... ... 73
[3.3  The first three levels in a graph Ga(p,v).| . . . . . .. .. ... .. 74
|3.4 The first three levels in a graph X (g®(p, 1/)) | ........... 74
[3.5  The forms from first 3 levels in the graph ot regular reduced Markov |
[ forms) . . ... 85
[3.6 Relations between regular sequences and matrices, and regular se- |
[ quences and forms.| . . . . ... L. 96
[3.7  Relations between regular Markov sequences, matrices, and forms.[ 98
[3.8 Relations between regular Markov sequences, matrices, and forms.| 100
[3.9  The classical structure of Markov theory| . . . . . . ... .. ... 100
[3.10 The classical structure of Markov theory,| . . . . . . ... ... .. 101
.1 The left figure shows the sails for © = (1,1) and pv = (1, 1, 10, 10). |
| The right figure shows the corresponding cones for y > 0. . . . . 116
[4.2  Stitching the sails of 1 and v together to get the sail of uv|. . . . 118
[4.3 A triple graph with the level of the vertices written in black, and |
| ordering within the level inred.| . . . . . . . .. .. ... ... .. 122
[4.4  The first entries in Stern’s diatomic sequence.| . . . . . . . . . .. 131
[4.5 The extended structure of Markov theory,| . . . ... . ... ... 149
[4.6  The general structure of Markov theory| . . . ... ... ... .. 150

5.1

The first four levels in the general Markov graphs 7 ((4,4), (11,11))[152

5.2

The first four levels in the general Markov graph T (u,v) for p = |

LD and v = (3,2, L1230« o oo 153




Important Definitions

Perron identity: Regular Perron identity: Theorem [I.3.19] p. 27
General Perron identity: Theorem p- 95l

Reduced forms: Definition [2.2.18] p.
Regular reduced Markov forms: Definition [3.2.25] p. 1]

General reduced Markov forms: Definition [4.1.6] p. [IT1]

Reduced matrices: Definition [3.2.13] p.
Regular reduced Markov matrices: Definition [3.2.16] p. [78]
General reduced Markov matrices: Definition [4.3.2] p. [145]

Cohn matrices: Definition 2.5.4], p.

Continuants: Definitions 2.1.1 and 2.1.2] p. 33

Continuant splitting: Proposition [2.1.6] p.
Continuant properties: Proposition 2.1.8] p. [35]

Diagram of general Markov theory: Figures and [4.6] p. and [I50

Diagram of regular Markov theory: Figure 3.9 and [3.10] p. [I00] and [T01]

LLS sequence: Definition [1.3.13] p.

Markov graph: Definition [£.1.4] p. [I11]

Markov numbers: Regular Markov numbers: Definition [1.1.6] (i), p. [12]
General Markov numbers: Definition [£.3.5] p. [146]

Markov sequences: Regular Markov sequences: Definition [3.2.2] p. [71]
General Markov sequences: Definition 4.1.5 p. 111

Markov spectrum: Definition [1.1.2] p.[12].

Uniqueness conjecture: Regular uniquness conjecture: Conjecture[I.1.14] p.[16]
General uniquness conjecture: Conjecture [5.2.2] p. [I58]



Maps between triple graphs

Matrices and forms: w, Q: Definition p. 03
w™!, Q71 Definition [3.3.5] p.[94]

Positive integers and forms: A, A: Definition [3.2.35] p. [89
Theorem [4.3.9] p. [148]

Positive integers and matrices: v, T: Definition [3.2.40] p. 01}
Theorem [4.3.9 p. [148]

Positive integers and sequences: y, X: Definition [3.2.6] p. [74
Relations between triple graphs: Theorem [3.4.10] p. [I06]

Sequences and forms: ¢, ®: Definition [3.2.29] p.
o~ L, &1 Definition [3.3.13] p. .

Sequences and matrices: v, I': Definition [3.2.18] p. [78]
e, I'71: Definition [3.3.10 p. .



Chapter 1
Introduction

In this thesis we study the following problem. Let f be the form
fla,y) = az® + bay + cy’
with real coefficients and positive discriminant A(f) = b* — 4ac.

Question. For such a form f, at what point in the integer lattice does f attain
its least positive value? At what point in the integer lattice does f attain its

greatest negative value?

In the late 19*" century A. Markov [63], 64] found a method of defining classes
of forms by triples of positive integers called Markov triples. These are solutions

to the Diophantine equation
2?22 = 3ayz.

The numbers in Markov triples are called regular Markov numbers. Markov
showed that the form defined by a Markov triple (a, b, ¢), with a < ¢ < b, attains
its least positive value at the point (1,0). The value at this point is f(1,0) = b.
Our objective in this thesis is to extend the notion of these Markov triples, by

generating forms whose least positive value is attained at the point (1,0).

We begin this chapter in Section with a history of regular Markov numbers.

We also mention other contemporary approaches to generalising Markov numbers.

We continue in Section [1.2] where we present a motivating example to relate the

study of regular Markov numbers with integer geometry.
Basic notions of integer geometry are introduced in Section [I.3]

Finally in Section [I.4] we present the layout and structure of the thesis.

10



1.1. HISTORY OF REGULAR MARKOV NUMBERS 11

1.1 History of regular Markov numbers

Let us begin with an overview of the central points of the theory of regular
Markov numbers. This theory was introduced by A. Markov in his papers [63, [64].
Comprehensive introductions to the study of regular Markov numbers include the
book by T. Cusick and M. Flahive [23], the book by J. W. S. Cassels [17, pp. 27—
30], and the paper by A. Bombieri [10].

A good survey of the literature on regular Markov numbers was performed by
A. V. Malyshev in [62]. Contemporary study of regular Markov numbers includes
the relation to hyperbolic geometry, see for example the papers by C. Series [84]
and B. Springborn [89]. The growth of regular Markov numbers has been studied
by D. Zagier [97] and A. Baragar [3]. Other interesting works related to Markov
theory include the papers by L. Tornheim [92] on Diophantine approximation,
J. H. Silverman [86] on the Markov Diophantine equation over quadratic imagi-
nary fields, and K. Spalding and A. P. Veselov [88] on Lyapunov exponents.

We recall Markov’s theorem, Theorem [I.1.9] in Subsection [I.1.1} Proofs of
Markov’s theorem are given in Markov’s papers themselves, and also in the afore-
mentioned works of T. Cusick and M. Flahive [23] and A. Bombieri [10], the book
by J. W. S. Cassels [16], and the book by M. Aigner [2].

Markov’s theorem contains a result on the Markov spectrum, a spectrum of
real numbers related to the minima of indefinite binary quadratic forms. This
spectrum has been studied extensively, with particular attention to gaps in the
spectrum above 3, as seen in the works of T. Cusick, M. Flahive, W. Moran, and
A. D. Pollington [24] 25, 26} 23], 28§].

In Subsection we introduce the graph structure of regular Markov num-
bers. This structure forms part of the foundation of our work. We state the
uniqueness conjecture for regular Markov numbers, which was first introduced by
G. Frobenius [38] in 1913.

Finally in Subsection we give a short history of recent developments in

the study of Markov numbers.

1.1.1 Markov’s theorem

In this section we introduce Markov’s theorem and the uniqueness conjecture for

regular Markov numbers. Let us start with a definition.

Definition 1.1.1. Let f be a binary quadratic form with real coefficients,
f(z,y) = ax® + bry + cy?,

and positive discriminant A(f) = b* — 4ac (i.e. an indefinite form). Define the

11



12 CHAPTER 1. INTRODUCTION

Markov minimum of f to be

= inf |f].
m(f) 22\1{?070)}!f|

Note that the Markov minima of a form f and a form Af, where A is a non
zero integer, differ by the scaling factor |[A|. In order to study Markov minima
we define a property of forms that does not change with scaling. We have the

following definition.

Definition 1.1.2. Let the Markov spectrum be the set

A
M = { (j(‘{) : f is an indefinite binary quadratic form} )
m

Remark 1.1.3.

(i) Unless otherwise stated we take the term form to mean indefinite binary

quadratic form.

(i) For a form f we refer to the value

as the Markov value of f.

(7ii) Note that two forms f and \f, differing by a non zero scalar A, have the same
Markov value. Indeed, let f(x,y) = ax®+bry+cy?. Then m(\f) = |A\|m(f)

and

VAS) = V202 — 4X2ac = |\ A(f).
Recall the definition for SL(2,7Z) equivalence of forms.

Definition 1.1.4. Two forms f and g are SL(2,Z) equivalent if there exist inte-
gers a, b, ¢, and d such that ad — bc = £1 and

flaz + by, cx + dy) = g(x,y).

Remark 1.1.5. It is clear from the theory of forms that equivalent forms have
the same Markov value. We discuss this in detail in Section 2.2l Here and below

we refer to SL(2,Z) equivalent forms simply as being equivalent.
Definition 1.1.6.
(i) The Markov Diophantine equation is
22+ + 22 = 3ayz.

12



1.1. HISTORY OF REGULAR MARKOV NUMBERS 13

A positive solution (a, @, b) of this equation is called a Markov triple. Ele-
ments of Markov triples are called reqular Markov numbers. Unless other-
wise stated, a Markov triple (a, @, b) is ordered such that a < @ and b < Q.
We denote such a Markov triple by

Qa,b = (CL, Qa b)

(i) For a Markov triple (a,@,b) define the integer u be the least positive solu-

tion to the equivalence
ra = +b mod Q,

and let the integer v be defined by the equation
vQ = u? + 1.
From this we define the Markov form associated with @), to be
fau, (2, y) = Q2 + (3Q — 2u)zy + (v — 3u)y’.

The following proposition may be proved using structure of Markov numbers

that we introduce in the next subsection. A proof may be found in [23| 2].
Proposition 1.1.7. Any two numbers in a Markov triple are coprime.

Remark 1.1.8. The existence of u in Definition (i) follows from Propo-
sition for a Markov triple (a,@,b) with @ > 1 (if @ = 1 then u = 1).
Since

a® 4+ b* + Q* = 3abQ
we have that a?+b? is divisible by Q. Hence

a’>=—b mod Q.

As ged(b, Q) = 1 there is a positive integer d < @ such that bd = 1 mod Q.

Then
a’d = —b*d mod Q

a(ad) = —b mod Q
a(—ad) =b mod Q.

Hence there are two positive integers equivalent to +ad mod @) satisfying

ar = =+b mod Q.

In his papers [63, [64] A. Markov set about answering the following question;
at what non-zero integer point does a form f attain its Markov minimum? His
partial answer to this question comes through the study of a discrete subset of
the Markov spectrum. In his work he classified all forms associated to this subset.

The following is the theorem of Markov.

13



14 CHAPTER 1. INTRODUCTION

Theorem 1.1.9 (Markov’s Theorem).

(i) The Markov spectrum below 3 is discrete, and given by the numbers

VoQ2 — 4

Q Y
where Q is a reqular Markov number. The number 3 is the first limiting

point of the Markov spectrum.

(i) Let fq,, be the Markov form associated with Qap. Then the Markov value
of fQ., 18

Alfo.,) /0@ 1
m(fa.,) Q

(iii) All forms with the same Markov value below three are equivalent. In par-

ticular, let g be a form with Markov value below 3. The Markov value of g

18 given by some regular Markov number QQ, where

VAGg) /92 -4
m(g) Q

Then the form g is equivalent to the Markov form fq, -

The proof of this theorem is given by Markov in his papers [63, 64]. More

readable versions of the proof are given in [16] 2} [10].

Example 1. Table[I.T|shows the first ten regular Markov numbers, their Markov

forms, and their Markov values.
We study the Markov spectrum in more detail in Chapter [2] specifically in
Section 2.5]

1.1.2 Graph of regular Markov numbers

In this subsection we study regular Markov numbers in some more detail, and see
their graph structure. Recall that a Markov triple (a, @, b) has a < Q and b < Q,

and observe the following two facts, which are proven, for example see [23].
Proposition 1.1.10.

(i) Any permutation of (a,@,b) is also a solution to the Markov Diophantine

equation.
(i) Both (a,3Qa — b,Q) and (Q,3Qb — a,b) are Markov triples.

14



1.1. HISTORY OF REGULAR MARKOV NUMBERS 15

Table 1.1: The first ten regular Markov numbers, Markov forms, and Markov

values.
(@.Q.) ey | YAUe
’ m(fq,,)
(1,1,1) 2% 4 zy — 1 NG
(1,2,1) 222 + dzy — 292 V3
(1,5,2) 522 + 1lxy — by? @
(1,13,5) 1322 + 202y — 13y° 11217
(5,29,2) | 2922 + 63y — 31y \/T
(1,34,13) | 342 + T6xy — 34y° Jlg();m
(1,89,34) | 8922 + 199y — 89y \/?
(29,169,2) | 16922 + 367xy — 181y @
(13,194, 5) | 19422 + 4322y — 19632 @
(1,233,80) | 23322 + 521z — 233y @

We use the second observation here to create the relations
E(CL, Q, b) = (au 3aQ — b, Q)7
R(a,@Q,b) = (Q,3Qb— a,b).
We use these relations to build a tree containing regular Markov numbers in

the following definition.

Definition 1.1.11. We construct a binary directed tree Gx(1,5,2) with root
(1,5,2), where each vertex V is connected to the vertices £(V) and R(V) by

the edges (V,£(V)) and (V,R(V)) respectively. We call Gx(1,5,2) the tree of
reqular Markov numbers.

Remark 1.1.12. A proof that Gx(1,5,2) is in fact a tree may be found in the
book [2], p.46-47] by M. Aigner.

Example 2. In Figure [1.1| we see the first 4 levels of the tree of regular Markov
numbers.

We call a Markov triple non-singular if all three elements are different, and
singular otherwise. The following theorem shows the importance of the tree of

regular Markov numbers in terms of finding Markov triples. The proof may be

found in [23] 2].

15



16 CHAPTER 1. INTRODUCTION

(29,169 2)<:::::(169 95,2)
( | o (29, 14701, 169)
5,29,2
( | (433, 37666, 29)
5,433, 29 <:::::
15.2) (5, 6466, 433)
1,5,2
(194, 2897, 5)
(13,194,5)<:::::
( | (13,7561,194)
1,13,5
(

34,1325, 13)
(1,34,13)<<:::::
(1,89, 34)

Figure 1.1: The first 4 levels in the tree of regular Markov numbers.

Theorem 1.1.13.

(i) The only singular solutions (up to permutation) of the Markov Diophantine
equation are (1,1,1) and (1,2,1).

(i) Every non-singular reqular Markov triple appears exactly once in the tree of

reqular Markov numbers.

(ii) The triple at any vertex of the tree of reqular Markov numbers is a Markov

triple.

Uniqueness conjecture

A famous conjecture first stated by G. Frobenius [38], involving the tree of regular

Markov numbers, is the following.

Conjecture 1.1.14 (Regular uniqueness conjecture). Markov triples are uniquely

determined by their largest element.

For any two Markov triples (aq, @, b1) and (az, M,by) with a; < by < @ and
as < by < M, the conjecture says that if () = M then a; = a, and by = by. Many
different forms of this conjecture are known, and are the subject of the book by
M. Aigner [2].

In Section we see a way to define forms associated with certain sequences
of positive integers. We extend the theory of Markov numbers by constructing
new sequences, and defining forms from them. In Theorem we show certain
conditions on sequences whose associated forms attain their Markov minima at

the point (1,0). From these forms we then define analogues of regular Markov

16



1.1. HISTORY OF REGULAR MARKOV NUMBERS 17

numbers, called general Markov numbers, for which we have the following ana-

logue of the uniqueness conjecture.

Conjecture 1.1.15. Triples of general Markov numbers are uniquely defined by

their largest element.

We show counterexamples to some cases of this conjecture in Theorem [5.2.§]

1.1.3 Recent work

In this short subsection we mention some of the work that has been completed
in the area of Markov numbers since 1950. The uniqueness conjecture is much
studied. The excellent book by M. Aigner [2] provides an overview of the topic,
including the many areas in mathematics in which the conjecture appears.

There have been a number of attempted proofs, all of which appear to be
incorrect, for example [81].

Some cases are known, relating to regular Markov numbers of prime powers.
For example, it is known that a Markov triple (a, @, b) is uniquely defined by @ if
either ), 3Q)—2, or 3Q)+2 is prime, twice a prime, or four times a prime. This was
shown by A. Baragar in [5]. A proof for when @ is prime is included in the paper of
J. O. Button [I4]. M. L. Lang and S. P. Tan [61] showed that the conjecture holds
whenever (@) is a prime power. Y. Zhang [98] improves the result of A. Baragar [5]
to show that the conjecture holds whenever 3Q)—2 or 3Q)+2 is a prime power,
twice a prime power, or four times a prime power. Equivalent conditions of the
conjecture in terms of Legendre symbols are presented by A. Srinivasan in [90].

Numerical evidence for the conjecture may be found in the paper by D. Rosen
and G. S. Patterson [80], who found no counterexamples after computing all
Markov numbers with fewer than 31 digits.

Other representations of the uniqueness conjecture have been studied. For ex-
ample, Y. Bugeaud, C. Reutenauer, and S. Siksek [I3] study the conjecture along
with Sturmian sequences, certain infinite sequences of positive integers. Equiva-
lent conditions for the conjecture in terms of principal ideals were introduced by
J. O. Button in [I5]. Principal ideals have also been studied in relation to Markov
numbers by A. Srinivasan in [91]. A. N. Rudakov [82] studied the relation of reg-
ular Markov numbers to exceptional bundles on the projective plane. This list of
recent work in the study of Markov numbers is by no means exhaustive.

In this thesis we study Markov numbers in relation to integer geometry. We
recommend the book by O. Karpenkov [52] on integer geometry for interested
readers. Aside from integer geometry, Markov numbers have also been studied
in relation to hyperbolic geometry. Starting with H. Cohn [20} 2], works on the
topic include A. Haas [43], C. Series [84],[85], and more recently B. Springborn [89].

17



18 CHAPTER 1. INTRODUCTION

Ly

Figure 1.2: Two lines L, and L.

1.2 Motivating example for integer geometry

In this section we discuss an example that motivates our study of integer geometry
in relation to Markov numbers.

Let ay, by, as, and by be non zero integers with ged(a;, b)) = 1 for i = 1,2. Let
Ly and Ly be the lines defined by

y=—=x and y=—zx

respectively, as in Figure [.2l A simple question to ask is: can we transform L,
to Lo while preserving the integer lattice?

The answer is yes. Let (u;,v;) be pairs of integers such that
a;U; + bivi =1

(we know (u;, v;) exist since ged(ag, b;) = 1). Then let M; and M, be the matrices

My = <_“gl Zi) and M, = (_“52 Zz) .
Both M; and M, are in SL(2, Z), the group of 2x2 matrices with integer elements
and whose determinants are 1. These are matrices that preserve the integer
lattice.

The matrix M; takes Ly to the line y = 0, and M, takes Ly to the line y = 0.
Hence any two lines passing through the origin and another integer point are
related by an SL(2,Z) transformation.

Now consider a two-dimensional arrangement (or simply, arrangement), a pair
of lines intersecting at the origin, see for example Figure We ask the question:

when are two arrangements SL(2,Z) equivalent?

18
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Figure 1.3: The arrangement defined by the lines L; and L.

This is a more difficult question to answer, but may be shown through integer
geometry, see for example the book by O. Karpenkov [52, Chapter 7).
These arrangements are solutions to equations f(x,y) = 0, where f is a binary

quadratic form
f(z,y) = ax® + bay + cy?

with real coefficients a, b, and ¢, and positive discriminant b — 4ac. One may
ask at which integer points a form f attains its minimal positive value, and
alternatively its maximal negative value. The complete answer to this question
is still not known. However, great progress towards this problem was made by
A. Markov in his theorem, seen above in Theorem [1.1.9]

In this thesis we extend upon this result using the theory of geometric con-
tinued fractions as our main tool. We extend the infinite periodic sequences that
are central to the study of regular Markov numbers. These periods are called
Markov sequences. The periods are related to Cohn words, which are also known
as Christoffel words.

19
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1.3 Background of integer geometry

The geometry of numbers plays a large part in this thesis, specifically integer
geometry. A good introduction to the topic is the book by J. W. S. Cassels [I§].
More specific to our work is the book by O. Karpenkov [52], based on his earlier
works [49] [50, 51]. These in turn have their basis in the work of F. Klein [5§],
who introduced a notion of the geometrisation of continued fractions.

Although not considered here, it is worth noting that extending the notion
of geometrical continued fractions to higher dimensions has been studied. We
make particular reference to the book by F. Schweiger [83] and the paper of
O. Karpenkov and A. Ustinov [53].

In this section we give an overview of the notions and definitions that form
the basis of the study of integer geometry. We start in Subsection [I.3.1} where
we recall some classical results for regular continued fractions. The concepts in
integer geometry important to our work are covered in Subsection [1.3.2]

We introduce some results on the relation of integer geometry and the values
of forms in Subsection [[.3.3]

1.3.1 Continued fractions

Continued fractions are an important tool in the study of Markov numbers. Good
introductions to regular continued fractions are the books by J. W. S. Cassels [17]
and A. Khinchin [57], and the excellent book by O. Perron [75]. Various other
interesting works on continued fractions include the papers by M. Hall [44] dealing
with sums and products of continued fractions, E. M. Wright’s paper [95] on
Diophantine approximation, a paper by O. Karpenkov [5I] on the second Kepler
law, and a paper on factorising integers by R. A. Mollin. [67]. One may relate
continued fractions with triangulations as seen in the paper of S. Morier-Genoud
and V. Ovsienko [71].

Let us define regular continued fractions.
Definition 1.3.1.

(i) Let (a;)§ be a sequence of real numbers. The expression

Qn

is called the continued fraction for the sequence (a;)j. We denote the regular

continued fraction by [ag;ai : as: ... ay,).

20
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(7) For an infinite sequence of real numbers (a;)3°, if the limit

lim [ag; . .. : ax]
k—ro0

exists then we call it the infinite continued fraction of (a;).

(73i) For an eventually periodic sequence of real numbers by, . .., by, ag, ... with
period (ag, ..., a,) we denote its infinite continued fraction by
[bo; ... byt {ag, ..., an)],

where the sequence inside the brackets () is the period.

(iv) If ag is an integer and (a;)} is a sequence of positive integers then
[ao;a1 e an]
is called the regular continued fraction of (a;)g.

We present some well known results on continued fractions. The proofs may be
found in the books of A. Khinchin [57], J. W. S. Cassels [17], and O. Perron [75].

Proposition 1.3.2.

(i) For a rational number « there are exactly two regular continued fraction
expansions, one with an even number of elements and one with an odd

number of elements.
a=lag;ay ... a,) =ag;ay: ... a, —1:1],

where a,, > 1.

(ii) For any irrational number a continued fraction expansion exists, and is

unique.

(iii) There is a 1-1 correspondence between periodic continued fractions and roots

of quadratic polynomials.

The result of Proposition [1.3.2] (i) goes back to L. Euler and J. L. La-
grange. L. Euler proved that any periodic regular continued fraction is a root of
a quadratic polynomial in the paper [306], for which there is an English translation

here [96]. J. L. Lagrange proved the converse of this statement in [60].

Example 3. The even and odd continued fraction expansions of 7/3 are

7—2+1—2+ !
3 3 ) 1
T

Example 4. The continued fraction expansion of 7 starts
T=03;7:15:1:292:1:1:1:2:1:3:...].
The positive root of 22 — 2 is v/2, whose periodic continued fraction is

V2 = (15 2)].

21
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1.3.2 Concepts of integer geometry

Integer geometry in two dimensions is the study of objects invariant under any
transformation that preserves the integer lattice Z2. We define the basic notions
in this section. We give further technical details in Chapter 2| The definitions in
this subsection are taken from our general reference on the subject, the book by
O. Karpenkov [52]. Resources on the topic of the geometry of continued fractions
include the book by F. Schweiger [83] and the paper of O. Karpenkov [53].

Recall that the number of left cosets of a subgroup H in a group G is called
the index of H in G.

Definition 1.3.3. Let us define the objects being considered in integer geometry.
(i) The pair (a,b) is an integer point if both a and b are integers.

(i1) An angle ZAOB is an ordered pair of rays sharing the same endpoint, or

vertex, O. The points A and B are contained on separate rays.

(ii) A rational angle is an angle whose vertex is an integer point, and whose
edges both contain integer points other than the vertex. If an angle has
an integer point as its vertex, but is not a rational angle, it is called an

wrrational angle.
(iv) An integer segment is a line segment whose endpoints are integer points.
(v) An integer triangle is a triangle AABC' whose vertices are all integer points.

(vi) An integer polygon is a polygon A;As... A, whose vertices are all integer

points.
Remark 1.3.4. Note that ZAOB and ZBOA are different angles.

Recall that Aff(2,Z) is the semi-direct product of the group of lattice pre-
serving translations and GL(2,7Z), 2x2 integer matrices with determinant equal
to £1.

Definition 1.3.5. Two objects defined in Definition [1.3.3| are integer congruent

if they are equivalent up to an affine transformation of the integer lattice.
We introduce the integer area for integer triangles.

Definition (Integer area 1S). The integer area of an integer triangle 1IS(ANABC)
is the index of the sublattice generated by the vectors AB and BC'in the integer

lattice.

22
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Figure 1.4: The point counting for the integer area of the triangle AABC.

Remark 1.3.6. In this thesis we read the notation 1S as integer area. In the
classical theory of integer geometry this concept is sometimes called the lattice
area. It is sometimes denoted IS, but we use the notation 1S throughout.

The integer area of an integer triangle may be found by counting the points
in the parallelogram defined by any two sides of that triangle. This fact is proven
in [52, Prop. 2.2].

Specifically, let AABC be an integer triangle. Let o = 1@ and W = 1@,
and let S be the set defined by

S={aV +bW |0<a<1,0<b<1}.
Then IS(AABC) is the number of integer points in S.
Example 5. Figure [I.4] shows the integer triangle with vertices
A=(1,1), B=(3,4), C=(51).
The integer area is IS(AABC) = 12.

Remark 1.3.7. Let AABC be an integer triangle with coordinates A = (a1, as),
B = (by,b), and C' = (c1,¢2). Let the vectors AB and AC have coordinates

1@2 (al—bl,(lg—b2>, 1@:<a1—01,a2—02>.
Recall that the Euclidean area of the AABC is
1

23
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O O

»
>

i i

v

Figure 1.5: Left hand side: some triangles with IS = 1. Right hand side:
some triangles with 1S = 4.

From [52], Cor. 2.15] we have that the integer area of AABC' is twice its Euclidean

area, so
IS(AABC) = |det (4B, 4C) .

Example 6. The integer area of the triangle in Figure is

-2 -3
det<_4 O)‘lQ.

Example 7. Figure shows some integer triangles and their integer area. For

IS(AABC) =

the triangle with vertices

A=(1,1), B=(4,3), C=(31),

-3 =2
det (_2 0 )‘ =4.

Definition (Integer length 1/). Let A and B be integer points. Define the
integer length of the line segment AB to be the number of integer points in the
line segment minus 1. We denote this by [/(AB).

we have

IS(AABC) =

Remark 1.3.8. From [52] Def. 2.4] we have that the integer length of the line
segment AB is the index of the sublattice generated by the vector /@ in the

lattice of integer points in the line containing AB.

Remark 1.3.9. Let A = (x1,y1) and B = (z2,y2) be integer points. Note that
the integer length of the line segment AB is given by

W(AB) = ged(ya — y1, 22 — x1).
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y =gz
yt . . o/ . Y
O T O! x

Figure 1.6: A sail and an LLS sequence for the form 7zy — 3y2.

Definition 1.3.10 (Orientation). Let the points A = (a1, as), B = (b1, b2), and
C = (1, c9) be in R2%. Denote the interior angle made by the intersection of line
segments AB and BC' by ZABC'. Define the oriented area of the parallelogram
given by sides BA and BC' as

IS*(ABC) = det (bl —a b “2) .

by —c1 by —c
Define the orientation of the angle ZABC' as
sign (1S*(ABC)).

Remark 1.3.11. Note that the angles ZABC and ZC'BA have different orien-
tations. Note also that the orientation of ZABC is given explicitly by

sign <IS*<ABC)) = sign ((bl — a1)<b2 — 02) — (b2 — a2)(b1 — Cl)).

Definition 1.3.12. Consider «, one of the four angles formed by two lines whose
intersection is an integer point A. The smallest convex set (known as the convex
hull) containing all integer points excluding A inside o has a boundary that is a
broken line. We call this broken line the sail of . Since the sail is convex it may

be defined by the set of vertices of the broken line.

Example 8. The left hand side of Figure [1.6| shows the sail for the angle con-
taining the point (1,1) given by the form 7xy — 3y?. Figure[1.7|shows the infinite
sails of the form 522 + 14xy — 10y2.

25
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Now we define an important notion in integer geometry, the LLS sequence.
Definition 1.3.13.

(i) Let a be the rational angle ZABC where A and B are integer points. The

integer sine of « is
lsin(a) = IS(AABC)
MY = AR Bo)

(i) Let « = ZBOC be an angle whose vertex is the origin O = (0,0). Denote
by (A;) the sequence of vertices for the sail of « such that the vertices
(A;)i<o approach the ray containing the point B and the vertices (4;);>o
approach the ray containing the point C'. Define

agr, = W(Ap A1),
Agk—1 = Isin(Ap_1 Ap A1),

for all admissible k. The sequence (a;) is called the lattice length sine

sequence (LLS sequence) of the angle a.

Remark 1.3.14. The Euclidean area of a triangle AABC, which we denote here
by S(AABC), may be written

S(AABC) = AC sm(;ABC)‘
Rearranging we have
: 2S(AABC)
/ABC) = ———=.
sin( C) i

This equation motivates our definition of integer sine, with the Euclidean area
S(AABC) replaced with the integer area 1S(AABC) and the lengths A and C
replaced with the integer lengths 1/(AB) and 1{(BC).

Example 9. The right hand side of Figure shows the LLS sequence for the
sail of the angle containing the point (1,1) given by the form 7zy — 3y®. The

lengths are given in black, and the integer sines are written in white.
The following proposition is proven in [52].

Proposition 1.3.15. Every sail has an LLS sequence, and every LLS sequence

describes a sail.

The LLS sequence is important since it is an invariant of angles under lattice
preserving transformations, as the following theorem proven by O. Karpenkov
in [52, Cor. 4.9, Thm 4.10] shows.

Theorem 1.3.16.
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1.3. BACKGROUND OF INTEGER GEOMETRY 27

Figure 1.7: The LLS sequences of the sails for the form f(z,y) = 5z2+14xy—10y>.
The integer lengths are written in black, the integer sines in white.

(i) LLS sequences are invariant under Aff(2,7Z) transformations.

(i) Two angles with an integer point as their vertices are integer congruent if

and only if they have the same LLS sequence.

Definition 1.3.17. If the LLS sequence of one sail is the reverse (up to a shift
of index) of the LLS sequence of another sail, then the two sails are said to be
duall.

The following proposition is proven in [52].

Proposition 1.3.18. The solutions to f(x,y) = 0 for a form f split the plane
into 4 angles. The sails of opposite angles are congruent. The sails of adjacent

angles are dual.

Example 10. Figure [I.7] shows the congruency of opposite sails and duality of
adjacent sails for the form 522 + 14xy — 1092

1.3.3 Perron identity

We give a short note on a theorem relating the LLS sequence of a form and its
Markov value. The theorem goes back to O. Perron [76].

Theorem 1.3.19 (O. Perron). Let (a;) be the LLS sequence of a form f. Then
the Markov value of f is given by the following relation (known as the Perron
identity)

ﬁ = Silelg{ai +[0; a1 @i+ [05a21 o ]}
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Table 1.2: LLS sequences and Markov values

« M/m(fa)

V1687397
463

V1687397
433

V1687397
613

V1687397
611

V1687397
437

(2,2,1,1,2,2,1,1,2,2)
(2,1,1,2,2,1,1,2,2,2)
(1,1,2,2,1,1,2,2,2,2)
(1,2,2,1,1,2,2,2,2,1)

(2,2,1,1,2,2,2,2,1,1)

Example 11. Let f be the form
f(z,y) = 4332 + 791zy — 613y>.

From Markov’s theorem, Theorem [1.1.9] we have that the Markov value of f is

V1687397
433
The LLS sequence for this form is (1,1,2,2,1,1,2,2,2,2). Note that the cyclic
shift (2,2,1,1,2,2,1,1,2,2) is palindromic, and hence there are only five possible
values for
a; + [05a;41 : @yo: o]+ [0;ai-1 s ai—a ...
One of the values is
24100;(2,1,1,2,2,1,1,2,2,2)] + [0:(2,2,1,1,2,2,1,1,2,2)]
—941 + /1687397~ —911 + /1687397
—2 4 +
926 926
V1687397
463
The other values are given in Table Hence

= i+ [0 a1 aje .. +[0; i,:i,:...}
raat ACRICLESLE RS R UL RS

V1687397
463
In Section [2.3] we extend the theorem of Perron to finding any non zero value

of the form in terms of continued fractions. The statement is proven in Theo-
rem [2.3.14] and is published in the joint paper with O. Karpenkov [54].
For certain sequences we show that condition in Theorem [1.3.19) of finding

the supremum of an infinite set may be simplified. The simplification is given in

Theorem .42

28



1.4. RESEARCH LAYOUT 29

Regular I Regular reduced

>

<&

Markov sequences - r—1 Markov matrices

P T o

Regular reduced

X T

Markov forms

4

Markov numbers Us

\I}4‘ v

Markov spectrum

v \II2

|
i

Figure 1.8: The classical structure of Markov theory.

1.4 Research layout

In this thesis we propose an extension to the theory of regular Markov numbers.
We do this through the study of the geometry of continued fractions.

In this section we give a brief summary of what is contained in each chapter
of this thesis.

Summary of Chapter

In Chapter 2] we define the technical notions used throughout the thesis. We study
continuants, functions relating to regular continued fractions in Section We
lay down the important aspects of SL(2,7Z), and go through the proofs of known
results in detail in Section 2.2

In Section [2.3] we link the Markov spectrum to geometry through the Perron

identity, specifically by looking at continued fractions associated with broken
lines. The key result of this is Theorem [2.3.14] proven in our joint paper with
O. Karpenkov [54].

We close the chapter with Section [2.5( where we describe the Markov spectrum

in more detail, and introduce Cohn matrices. These matrices play an important

role in our work.

Summary of Chapter

In Chapter |3| we study the matrices, forms, and sequences related to regular

Markov numbers. We begin by defining the triple graph structure that is central

29
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Figure 1.9: The extended structure of Markov theory.

to our study in Section 3.1 We describe regular Markov numbers with this

notation.

We define sequences related to regular Markov numbers in Section [3.2] and show
they have a triple graph structure. These sequences are related to Christoffel
words and Cohn words.

Markov forms and Cohn matrices are representatives of equivalence classes of
forms and matrices. These classes are closely related in that they describe the
Markov spectrum below three. However, the specific form and matrix for a given
regular Markov number describe different, although equivalent, arrangements.

We pick new representatives for matrices and forms related to regular Markov
numbers in Section (3.2, ones which describe the same two-dimensional arrange-
ment. We show that both the new matrices and forms have a triple graph struc-

ture, which is introduced in Section |3.1

We show relations between the newly defined graphs of sequences, matrices, and

forms, and the tree of regular Markov numbers in Section [3.3]

In Section we relate all of the triple graphs to the Markov spectrum below

three, culminating in the diagram in Figure [1.§|

Summary of Chapter

In Chapter 4] we extend the notion of Markov numbers. In the previous chapter
we saw how the graphs of matrices, forms, and regular Markov numbers may
be defined directly from a graph of sequences. In Section [4.1] we define different
sequences with which to generate graphs, which we call Markov sequences. The
key results to defining these Markov sequences are Theorems [4.1.14] and [£.1.27]
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We prove Theorem [4.1.27| in Section 4.2]

Markov sequences define new graphs of forms, matrices, and numbers (called
general Markov numbers). We define the relations between these graphs in Sec-
tion

We finalise the relations between these graphs and the Markov spectrum in Sec-
tion [4.4L The key result in this section is Proposition [£.4.2] that relates the
element on the Markov spectrum for a Markov sequence to a continued fraction
expansion of that sequence. This is a specific application of the Perron identity.

This work is represented in the diagram of Figure [1.9] The diagram is explained

fully in Sections .3 and [4.4]

Summary of Chapter

In Chapter [5| we study the general Markov numbers defined in the previous chap-
ter. We show in Section [5.1] that there are more complicated recurrence relations
for general Markov numbers than for regular Markov numbers, a result in Theo-
rem [p.1.ol

There is an analogue to the uniqueness conjecture for general Markov numbers.
In Section [5.2] we show that for certain graphs of general Markov numbers this

uniqueness conjecture fails. This is the result of Theorem [5.2.8]

We complete our study in Section by mentioning some open questions in the

area of Markov numbers that we hope to develop further.
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Chapter 2
Background and definitions

This chapter introduces the technical notions and definitions used in this thesis.
We include known results that are used throughout the text, and also some basic
preliminary results that we prove.

We start in Section where we introduce the notion of a continuant, and re-
late these continuants to regular continued fractions. We define palindromic
sequences, a concept important to our study of Markov sequences.

We see the effect that SL(2,7Z) transformations have on points, lines, and forms
in Section 2.2

In Section we define LLS sequences and continued fractions for arbitrary
broken lines. Using this we build up to a relation between the values of forms
at any point P other than the origin, and the value of the continued fraction of
certain broken lines containing P as a vertex.

Finally in Section we look at the Markov spectrum in more detail. We re-
call important results on the Markov spectrum below 3, and how this relates to
equivalence classes of forms. We introduce Cohn matrices, used by H. Cohn to
study the Markov spectrum in [20]. We see the triple graph structure of Cohn

matrices, which is integral to our study of forms.
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2.1 Continuants

Having defined regular continued fractions in Subsection [1.3.1| we now introduce
the concept of continuants. These are related to the numerators and denominators

of continued fractions, and are described in good detail in [42], pp.301-309].

Example 12. Let (ay, as, ag, as) be a sequence of positive integers. We have that

a
[al] = Tlv
1
la1; as] = M7
¢5)
aiagas + ay + as
[al;az : 03] = )

Qa203 + 1
[ ] a1a9a304 + a1Qy + asy + ai1as + 1
a1,09 A3 . Q4| = .

’ arazas + ai + as

The numerators and denominators of the continued fraction may be written as

polynomials of the elements. These polynomials play an important role in our

study.
Definition 2.1.1. Let (aq,...,a,) be a sequence of positive real numbers. Let
| =7
ay;ag ... a4y = —
Q
for some real numbers P and Q). We call P the continuant of (ay,...,ay).

From the classical theory of continued fractions there is a recursive relation

for continuants.

Definition 2.1.2. Let x1, 23, . .. be variables. We define a polynomial K,,(x1,. .., z,)

recursively by

KO() - ]-7
K1(961) = T,
Ki(z1, ... xp) = o1 K1 (29, ..., xp) + Kg—o(x3, ..., Tk).

Example 13. Let a = (1,1,2,2). Then

Ky(o) = K4(1,1,2,2)
=1-K3(1,2,2) + K»(2,2)
=1-(1-K2(2,2) + Ki(2)) +2- K1(2) + Kol)
=2-K12)+ K() + K1(2) +2- K1(2) + Ko()
=4+1+2+4+1
=12.
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34 CHAPTER 2. BACKGROUND AND DEFINITIONS

Note that the continued fraction of « is

12 Ky(1,1,2,2)

1;1:2:2|=— = .
11 I== K3(1,2,2)
The following proposition relates K,(a,. .., a,) to the continuant of (a,...,a,).
Proposition 2.1.3. The continuant of (aq, ..., ay) is K,(ay,...,a,). Moreover,
the continued fraction of (ay,...,ay,) is given in terms of continuants
K,(ay,..., a,
[al;agz...:an]: <1 )

anl(ag, e ,Cln) .

Remark 2.1.4. From here on we use the term continuant of « = (a;)} to mean
K, (a).

We use a slightly different notation for continuants to simplify notation in

long calculations.
Definition 2.1.5. For a sequence a = (ay, ..., a,) we write

Kj—i—i—l(ai?"'aaj) if 1 S { Sj S n,
Kl(a) =11 if j=i—1,

0 otherwise.

We will often see the continuant K7 (), and so shorten it with the following

notation

K(a) = K7 Ya).

Example 14. Let a = (1,1,2,2). Then

Kj(a) = K3(1,1,2,2) K3 (o) = K3(1,2,2)
=1-Kj(a) + Kj(a) =1-K(2,2) + K(2)
=2 Kj(a) + Ki(a) + Kj(a) =2 Ki(2) + Ko() + K1(2)
=3-Kj(a)+1 =3-Ki(2) + Kol
=7 =1.

The following proposition on splitting continuants is used throughout this

work. One may find a proof in [42].

Proposition 2.1.6. Let (ay,...,a,) be an arbitrary sequence and 1 < k < n.

Then we have
Kn(a) = Ki(a)Kj (o) + K (o) Kiy(a).
Example 15. Let a = (1,1,2,2,1,1,2,2). We have
Ki(a) = 12, K¥(a) = K3(1,1,2) = 5, K3(1,2,2) = 7.
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We split the continuant K¥(a) according to the formula of Proposition in the
following way, adding the product of the under brace continuants to the product

of the over brace continuants.

K}(a) KE()
—~ —~
(1,1,2,2,1,1,2,2 ).
N— e N——
Ki@)  K(a)

Hence
K¥(a) = Ki(a) - K¥(a) + K} (a) - K§(a) = 144 + 35 = 179.
Definition 2.1.7.

(i) Let o = (aq,...,a,) and 8 = (by,...,b,) be finite sequences. Define the

concatenation of a and [ to be
a®B=(a,...,an,b1,...,bp).
We often shorten o & 3 to just af.
(ii) A sequence o = (aq,...,a,) is called palindromic if
(a1,...,an) = (Any-..,a1).
We write @ to denote the reverse of «, so
a=(an,...,a1).

We present some classical results on continuants. The proofs may be found
for example in the books by R. L. Graham, D. E. Knuth, and O. Patashnik [42]
or O. Karpenkov [52].

Proposition 2.1.8. Let o = (aq,...,a,) be a sequence of positive integers.
(i) The ged of K7'(«) and K§(«) is
ged (K7 (a), K3 () = 1.

(i1) Continuants satisfy

Ki(o) = K7 (@) .
We call this the symmetric property of continuants.
(i) We have that
K7 (a) K3~ (@) = K (a) K77 () = (=1)™.
(iv) If a, > 1 then

Kl (ay,...,an_1,a,) = Kf“(al, ey A1, an — 1, 1),
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2.2 A note on SL(2,Z) transformations

In this section we discuss the effect of SL(2,7Z) transformations on certain geo-
metric objects. The proofs in this section are classical, and may be found in the
book [52]. We work through the proofs in greater detail here, to illustrate clearly
what is happening.

In Subsection we go through the important invariants of SL(2,Z) transfor-
mations, in particular convexity.

In Subsection we show how SL(2,Z) affects forms and their sails, with

particular attention to the values forms attain on their sails.

2.2.1 SL(2,Z) invariants
Recall the definition of orientation from Definition [I.3.10
Proposition 2.2.1. SL(2,7Z) preserves orientation.

Proof. Let X = (x1,12), Y = (y1,42), and Z = (21, z2) be points in R?>. The
angle ZXY Z has orientation

sign ((y1 —21)(Y2 — 22) — (y2 — 22) (Y1 — Zl))

a b
= o)
be an SL(2,7Z) transformation. The points X, Y, and Z are mapped by M to

MX = (azy + bxg, cxy + dxs),
MY = (ayy + byz, cyr + dya),
MZ = (azy + bzy, cz1 + dz).

Define T' by
T = ((ayl + bys — azy — bas) (cyr + dys — ez — dz)
—(cy1 + dyy — cxy — dxg) (ay1 + bys —az; — bz2)>.
Then the orientation of the angle ZMXMY M Z is sign(T'). We have that

T =acy? — acy? + bdy? — bdy? + acr, 2, — acx121 + bdrgoze — bdraz,
+ ady1ys — beyi1ys — adyy zo + bey, 2o + adryzo — bexyzo — adxyys + bexys
— bdyszo 4+ bdyszo — bdxoys + bdxays — acy 21 + acyzy — acx 1y, + acxiy;
+ beyr1ys — adyrys + adyszy — beyazy + adxay; — bexayy + bexozy — adrazy,

and so
T =y1y2 — Y122 + T120 — T1Y2 — Y1Y2 + Y221 + Tay1 — Ta2
= —71)(y2 — 22) — (Y2 — 22) (1 — 21)-
This completes the proof. [ ]
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Figure 2.1: How orientation shows whether points are on the same half plane or
not.

Definition 2.2.2. Let P and @ be two points in R%. The line containing P and
Q in R? splits the plane into two halfplanes. Let #; be the unit vector contained
in the line PQ, based in P and in the direction of (). Let

R 0 1\.
ro = —1 0 1,

Both 7, and 7 are unit vectors and form a basis in R%2. We denote the halfplane

containing 75 by PQ™, and the halfplane containing —7y by PQ~.

We relate the orientation of angles to the halfplanes defined by a line, as in
Figure 2.7]

Proposition 2.2.3. Let X, Y, P, and Q be points in R%2. Then X and Y are
in the same halfplane PQ™ or PQ~ if and only if the angles ZPQX and ZPQY

have the same orientation.

Proof. Let X = (x1,25) and Y = (y1,y2) in the basis {71,729} of the previous
definition, so both 7, and 79 are vectors based in P. Then X and Y are in the
same halfplane PQ™ or PQ~ if and only if sign(zy) = sign(ys).

Note also that P = (0,0) and @ = (1,0) in this basis. So the orientation of
the angle ZPQX is

sign ((Q1 —p1)(q2 — 72) — (g2 — p2)(q1 — $1)) = sign(—wy),

and, similarly, the orientation of ZPQY is sign(—y2). Hence X and Y are in the
same halfplane PQ" or PQ~ if and only if the angles ZPQX and PQY have the

same orientation. [ ]
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Recall the classical definition of a convex polygon.

Definition 2.2.4. A polygon A is called convez if for any two points A and B

in the interior of A, the line segment AB is also contained in the interior of A.

The following proposition introduces an equivalent definition of convexity,
based on orientation. For clarity, we use the notation (A;A;;1)" to denote a

halfplane.

Proposition 2.2.5. Let A be the polygon with vertices A, ... A, in R* and edges
A1A27 s 7An—1Ana AnAl

Then the polygon A is convex if either (A, A1)" and each halfplane (A;A;41)T,
fori=1,...,n—1, contains every point Ay, ..., A,, or each halfplane (A;A;41)~,

fori=1,...,n—1, and (A, A1)~ contains every point Ay, ..., A,.

Proof. Assume every halfplane (A;A;41)%, for i = 1,...,n—1, and A,A] con-
tains every point Ay, ..., A, (if the points are contained instead in the halfplanes
A;A;, then we relabel A; — An_it1). Let B and C' be two points in the interior
of A. Then both B and C are in every halfplane (A4;A;11)", and so the line
segment BC' is also contained in every halfplane (A;A;1)".

Hence A is convex.
[ ]

Proposition 2.2.6. SL(2,7Z) transformations preserve the convexity of polygons.

Proof. This follows as a corollary to Propositions [2.2.1] and [2.2.3] |

Example 16. Let P be the pentagon with vertices
(4,1), (42), (3,4), (1,5), (23),

and let M be the SL(2,Z) matrix given by

11
=)
Then P and MP are shown in Figure and both are convex.

Definition (Convexity of broken lines). Let A = ... A_;AyA; ... be an in-
finite broken line. We call A convex if either each halfplane (A4;A;,1)" contains
every point A; for i € Z, or each halfplane A;A; ; contains every point A; for
1 € 7.

Now let A = ApA; ... A, be a finite broken line. We call A convex if either
each halfplane (A;A;;1)% contains every point A; for ¢ = 0,...,n—1, or each

halfplane A;A;; contains every point A; for ¢ =0,...,n—1.

38



2.2. A NOTE ON SL(2,Z) TRANSFORMATIONS 39

MP
0

v

i

Figure 2.2: The pentagons P (in black) and MP (in red).

Remark 2.2.7. Note that A is not convex if only some halfplanes (A;A;,1)"
contain every point Aj;, while other halfplanes A;A;, | contain every point Aj;.

The orientation of every halfplane must be consistent.

Corollary 2.2.8. An SL(2,7Z) transformation preserves the convexity of infinite

broken lines.

The interior of a triangle can be thought of as the intersection of three half
planes defined by the sides of the triangle, see Figure 2.3

Definition 2.2.9. An empty triangle is a triangle whose vertices are lattice

points, but contains no lattice points in the interior.

Corollary 2.2.10. An SL(2,Z) transformation sends any empty triangle to an
empty triangle.

We relate the SL(2,7Z) equivalence of line segments whose endpoints contain

the origin to their integer length. Here and below let O = (0, 0) denote the origin.

Proposition 2.2.11. Let A and B be two integer points. The line segments O A
and OB are SL(2,7Z) equivalent if and only if the integer lengths WU(OA) and
W(OB) are equal.

Proof. For any integer point V' we show that OV is SL(2,Z) equivalent to the
line OW, with W = (n,0), if and only if l{(OV) =n. Let V = (x,y).

Assume ged(z,y) = n. Let a and ¢ be integers such that (z,y) = (an,cn)
with ged(a,c¢) = 1. Then there exist integers b and d such that ad — bc = 1 by
Bézout’s identity. Define the matrix M by

M:(g g).
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40 CHAPTER 2. BACKGROUND AND DEFINITIONS

Figure 2.3: A point P in the interior of a triangle AA; Ay As.

Then M € SL(2,Z) and Mw = v.
Assume there exists a matrix M in SL(2,7Z) defined by

a b
=)

such that Mw = v. Then v = (an,cn). Since ged(a,c¢) = 1 we have that
ged(an, en) = n. This completes the proof. [ |

Corollary 2.2.12. An Aff(2,Z) transformation preserves integer length of inte-

ger segments.
We relate the affine equivalence of line segments to their integer length.

Proposition 2.2.13. Two line segments AB and CD are Aff(2,7Z) equivalent if
and only if W(AB) = 1(CD).

Proof. We show that any line segment AB is Aff(2,7Z) equivalent to the segment
OW with W = (n,0) if and only if I{(AB) = n.

Let G € Aff(2,7Z) be a transformation sending A to O. Then G sends B to the
point G B, and we have a line segment O(GB), which is SL(2, Z) equivalent to OW

if and only if 1/ (O(GB)) = n, by Proposition . Hence, by Lemma ,

AB is Aff(2,Z) equivalent to C'D if and only if l{(AB) = 1{(CD). [
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f(z,y) =0

Figure 2.4: The rays L, Ly, Ly, and L;.

Remark 2.2.14. Note that two line segments are not necessarily SL(2, Z) equiv-

alent when they have the same integer length.

2.2.2 SL(2,Z) transformations of forms

In this subsection we take a form f(z,y) to mean an indefinite binary quadratic
form, where the roots to the polynomial f(z,1) are irrational. The solutions to
f(x,y) = 0 are four rays L], L], L3, and L,. These are defined so that both
LY ULy and L U Ly form lines, and Lj and L{ form a quadrant in which the

form attains positive values, with L3 counter clockwise to L, as per Figure .

SL(2,Z) transformations of sails of forms

Definition 2.2.15. Let V;r denote a sail of the form f enclosed by the rays L}
and Ly . Let V; denote the sail of f enclosed by the rays Ly and Ly. This is
shown in Figure [2.5]

The sail Vf+ is a convex infinite broken line. The interior region of VfJr and
the lines given by f(z,y) = 0 has no integer points.
We label the quadrant enclosed by Li and L3 as L Lj. We label the other

quadrants similarly. Let
a b
=0

be an SL(2,Z) transformation. Each quadrant is convex, and so every integer
point in L] L3 is mapped by M to a quadrant ML M L3, where ML{ and M L§
are rays in the solution to g(z,y) = f(M™') = f(dz — by, —cx + ay) (we show

this in Proposition [2.2.16 below).

41



42 CHAPTER 2. BACKGROUND AND DEFINITIONS

v

Figure 2.5: VfJr and V.

Similarly, the sail Vf+ is mapped to an infinite convex broken line, labelled by
MV, where if
‘/+ - ... AnflAnAn%»l “ e

then

]\4‘/}+ = ... MAn_lMAnMAn_J,_l FEPP

This line must be within the quadrant M L M L3 by Corollary[2.2.8] The interior
region enclosed by MV;" and M Ly M Ly must be empty by the same reason, and
SO MVf+ is a sail of the form g(z,y) = f(dz — by, —cx + ay).

Hence we have the following proposition.

Proposition 2.2.16. Let f be a form. Then any SL(2,7Z) transformation

a b
= o)
sends the sails Vf+ and Vi to sails of the form f(dx — by, —cx + ay).

Proof. We only need to verify that M sends the lines in the solutions of the
equation f(x,y) =0 to the lines in the solutions of f(dx — by, —cx + ay) = 0.

Let P, = (x1,y1) and P = (x3,92) be points such that O, P;, and P, are not
collinear, and f(P;) = f(P) = 0. SL(2,Z) transformations preserve convexity,
and so O, M P;, and M P, are not collinear.
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Let g = f(dz — by, —cz + ay). Then

g(MPy) = f(d(az1 + by1) — b(car + dyr), —c(azy + byr) + alczr + dyr))
= f(daxy + dby; — bexy — bdyy, —acxy — beyy + acxy + adyy)
= f(z1(ad — be), y1(ad — be))
= f(P~)
= 0.
Similar calculations show that g(MP,) = 0. Hence the solutions of the form

f(x,y) = 0 get mapped by M to solutions of the form g(x,y) = 0. |
Let f (Vf+) be the set of values that f attains on the vertices in V;", so
F(ViH) = {f(a,b) | (a,b) € V/}.

Define f(V;") similarly for Vi Let MV," = {Mv | v € V;"}, the shift of the
vertices of VfJr by M. The following proposition relates the values of a form f at
its sail to the values of the sails of the form g = f(M™1).

Proposition 2.2.17.

FVi) =9(Vy).
Proof. Let P = (z1,y1) be a point on a sail of f. Then M P = (ax1+by;, cx1+dy;)
is a point on the sail of g, as per Proposition [2.2.16, Then

g(MP) = f(d(azy + by:) — b(czy + dy1), —c(azy + byr) + a(czi + dyq))
= f(adxy — bexq, ady; — beyy)

~ 1(P)

Reduced forms

Let us define reduced forms.

Definition 2.2.18. We call a form f reduced if it decomposes into two linear

factors
f(@,y) = My — rix)(y — ro7),

where A\ is a non zero real number, 1 < ry, and —1 < ry < 0.

We have the following result showing the LLS sequence of reduced forms from
the book by O. Karpenkov [52, Theorems 3.1 and 3.4].

Proposition 2.2.19. Let f(z,y) = My — rix)(y — rax) be a reduced form form
with 1 <7y and —1 <1y < 0. Let the continued fractions of r1 and ry be

7’1:[(11;&22...],
—[0;b1 : by 1 ...

Then the LLS sequence of f is

'7b27b17a17a27"'
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We define an SL(2,Z) matrix specific to a form f.

Definition 2.2.20. Let a = (ay,...,a,) be a finite even sequence of positive

integers. Define the form f, and matrix M, by
falw,y) = Ki™Ha)a® + (K7 (a) — K37 (a))zy — K3 (a)y?,

o= () Ko

Remark 2.2.21. From Proposition m (#it) we have that det (M,) = 1 since
n is even. Note that we may write f, in terms of numerators and denominators

of continued fractions. Let

P,
[al;ag L. :an] = —1,
Q1

P
[al;aQ Lt an,l] = —2
Q2

Then
falz,y) = Por® + (P — Qa2)zy — Qry°.

Proposition 2.2.22. The form f, is reduced. The LLS sequence of f, is periodic,

with period a.

Proof. Recall for a sequence of real numbers (ay, ..., a,,x) that
K'Y a1, ... an,0) = K (a1, ...,a,)7 + K" a1,...,a,1).
For an infinite regular continued fraction with period «, with o = (ay, ..., a,) we
have
()] = [{a1,...,an)] = [a1;... 1 ayn < {(ay,. .., a,)]
= [al; RN [(a)]]

_ K (o)[()] + K7 (e)
K3 (a)[{e)] + K37 (a)

and
K3 (a)[{)]* + K37 (@) [(a)] = KT (a)[{)] + K77 (e).

Hence [{«)] is a solution to the quadratic equation
K7~ o) + (K7 (o) = K37 )y — K3 (a)y* =0,
and (1, [{a)]) is a solution to fa(z,y) = 0, where
falz,y) = K{™Ha)2® + (K7 (a) = K37} (a)) 2y — K3 (a)y”.
Similarly we have that

[(@)] = [{an, .- a1)] = [an; ... a1 : {an,...,a1)]
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Recall from Proposition (7) that K'(a) = K}'(@), so
K7™ Ya) = K3(@)  and  Kj(a) = K{"'(a).
From this symmetric property of continuants we have that

K@@]+ K@) Kp(o)[{@)] + K5 (a)

O e K@ K@ @)

Hence [(@)] is a solution to the quadratic equation
K77 a)2? = (K7'(e) = K37 (a))x — K3(a) =0,
and ([(@)],—1) is a solution to f,(z,y) = 0, where
falw,y) = Ki~H(e)a® + (K7'(a) — K37 () zy — K3 (a)y™.
From this we have that
falz,y) = —K3(a)(y — (a)]z) (y + [0; (@)]=).

Hence f, is reduced, and by Proposition [2.2.19] we have that the LLS sequence
of f, is periodic with period a. [ |

The following proposition says how M, acts on the sails of f,.
Proposition 2.2.23. The matriz M, acts as a permutation on the sails of f,.
Proof. This is a corollary to Proposition [2.2.16] with the fact that if

fla,y) = ca® + (d — a)zy — by*

then also
flaz + by, cx + dy) = cx® + (d — a)zy — by

Definition 2.2.24. Let V' denote an infinite sail with a periodic LLS sequence
a, whose period is (ai,...,a,). Any finite broken line made up of n/2 segments
of V is called a period of the sail V.

Let a be a periodic LLS sequence.

Corollary 2.2.25. The values that f, attains on a period of its sail is preserved
by M,.
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The value of a form on the vertices of its sail

Now we prove the following proposition about the values that a form attains

on the vertices of its sails. Recall the notation for the continuant of a sequence

a=(ay,...,a,) }
K(a) = K" Ya).

Let a; = (v, ...y, aq,. . ;1) for i =1,... n. We call a; the i-th cyclic shift

of a.

Proposition 2.2.26. For a form f, we have that the set of values that f, attains

on a single period of its sail starting from (1,0) are
{K(c;) | a; a cyclic shift of o, i odd}.
We define matrices that take the sail of f, to the sail of f,,.

Definition 2.2.27. For i odd let

n- (i) ),
For i even let = (_Ki‘;l(a) Kgfiga) > .
CONET (@) —Ky (o)

Example 17. Recall that K9(a) = 0 for any «. Then for a = (1,2, 3,4) we have

10 -1 1 1 4 —-10 7
Tl_(o 1)’ TQ_(l 0)’ T3_(3 13)’ T4_( 3 —2)‘
Remark 2.2.28. Note that for ¢ odd we have
det(T3) = K" () K7 (@) = K7 (@) K]y (@) = 1,

and for 7 even we have

det(T;) = Ky (a) Ky (@) — Ki*(a) Ky ' (o) = —1,

by Proposition [2.1.8] (iiz).

Proposition 2.2.29. The matrixz T; sends the sails of f, to the sails of f,,. That

18,

EMQE_I = Mai-
Proof. For v odd we have that T; M, is equal to

<K?£11(Oé)KSH(Oé)+K?+1(Oé)K?_1(Oé) Kﬁ]l(o&)KS(Oé)JrK?H(Q)K?(Oé)>
K7 Ha) Ky~ o)+ K (@) KT a) - K77 (a)KE (a)+ K (@) KT (o) )

Note that
o = (a'iv ceey Qpy Ay e 7a7)—1)a
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so using the formula of Proposition we have that K7'(q;) splits according to

K7 Y(a) K5 (@)
—_— —_—
( Ajy ooy p_1,0p,01,02,...,0;_1 ),
N TV 7 N\ ‘v d
K (o) Ki~Ya)

and so ‘ '
K'(a;) = K} (@)K Ha) + K7 Ha) Ky a).

Similarly we have
K3 (i) = Ky (@) K7 H(e) + K5 (@) Ky (a),
K7™ Ha) = K (@) K72 () + K77 (o) Ky (a),
Ky 7o) = Ky (@) K17%() + K7 (o) K72 (o).

Using this we have that M, is equal to

(K?H(Oé)K 1 () + K2 (@) Ky () KT () K (o) + Klel(Oé)K%l(a))
K (a) K7 (a) + K7 o) Ky (@) K{(a)Ky (o) + K ) Ky a) )

The upper left element of M, T; is
(K (K@) + KI5 (K5 ™(0) ) K (@)
+ (K (@)K (@) + KR (@)K (@) K7 (@)
=K (0) (K1 2(0) K (@) + K (@)K ()
+ KI5 (@) (K5 (@)K () + K3 (@)Kl (@),
Recall from Proposition that

K7™ (a) = Ki (@)K (o) + K7 (@) K77 a),
Ky~ (a) = Ky (@)K a) + Ky (@) KT (a),
and so the upper left element of M,,T; is
K7 () K77 a) + K7 () Ky a).

This is the upper left element of T;M,. Similar calculations show the other

elements are equal, as well for the i even case. [ |

Corollary 2.2.30. The values that f, attains on its positive sail are the values
fa,(1,0), for odd i. The values that f, attains on its negative sail are the values
— fa; (1,0), for even 3.

Example 18. Let a = (1,2,3,4). Then

fo(@,y) = fa,(x,y) = 102% + 362y — 3032,
fon (2, y) = 3027 + 24y — 16y,
fos(7,y) = 1627 + 402y — 149,
fus(z,y) = 142% + 442y — 1052

47



48 CHAPTER 2. BACKGROUND AND DEFINITIONS

A period of the sail of a containing the point (1,0) (the positive sail) contains the
points (1,0) and (1,1). A period of the sail of & containing the point (0, 1) (the
negative sail) contains the points (0,1) and (2,3). The values that f, attains on
its positive sail are {10,16}. The values that f, attains on its negative sail are
{—30, —14}.

Remark 2.2.31. The values that f, attains on its sails are then

[u(VE) = (K (a), ~K3(a0) | odd},
—K(a;), K3(ey) | i even},

K(oy), K(oy) | i even, j odd},
K3 (oy), —K3(aj) | i even, j odd}.

{-
{-
{

If any cyclic shift «; of « is palindromic then the values that f, attains on its

positive sail are the absolute values of the values f,, attains on its negative sail.
{K(o) |ieven} = {K(a;) | i odd}.
Proposition [2.2.26] follows as a corollary to Proposition [2.2.29]

Example 19. Consider the sequence oo = (1,2,3,4). Then

10 = K(oq) = K9(1,2,3,4) = K3(1,2,3) = K2(4,1,2,3) = K2 (),

16 = K(ag) = K9(3,4,1,2) = K3(3,4,1) = K2(2,3,4,1) = K} ().
Also

30 = K(a) = K3(2,3,4,1) = K3(2,3,4) = K2(1,2,3,4) = KJ'(ay),

14 = K(ag) = K3(4,1,2,3) = K3(4,1,2) = K2(3,4,1,2) = K2(as).

Geometric interpretation of 7;

The definition of 7; comes from the following observation. The line segment (1, 0)
to (1,a;) on the sail of o has integer length given by a;. We define the SL(2,Z)
matrix sending the points (1,0) and (1, a;) to the vertices on the sail of «; defining

the line segment whose integer length is given by a;. These vertices for ¢ odd are

K37 (ay) K32 (oy)
K{L—Z (az) ) K{z—2+2 (az> )
and for ¢ even we have

( K;’Z 1z+2( )) ( K772312+2( )) )

KZ z+2( ) ’ Kg 2+2( )

See for example Figure 2.6 which shows the sail for o« = (1,1, 2, 2) being mapped
to ag = (2,2,1,1), and Figure which shows the sail for a being mapped to
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fazo fa3:

CL1:1

CL1:1

v

Figure 2.6: The sail for & = (1, 1, 2, 2) being mapped to the sail of a3 = (2,2, 1,1).

as = (1,2,2,1). The transformation matrix in each case is derived by mapping
the points (1,0) and (1,a;) = (1,2) to the corresponding vertices for the line

segment given by a;. These are M,, and M,,, where

i (5) = () ()= )

(11:1

Figure 2.7: The sail for a = (1,1, 2, 2) being mapped to the sail of ay = (1,2,2,1).
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i
1 2 -1 1
Ma“_(Q 5)’ MO‘Q_(l 0)'

We note that the matrices 7; are in GL(2,Z).

and

[—
~—__
|
VRS
Hl
—
~~
=
[ V]
VR
— =
~_
I
VRN
—_ o
~

Hence

Lemma 2.2.32. For the matrices T; we have that
det(T;) = (—1)"*.

This is clear from the relation for continuants for a sequence of positive integers

a=(ay,...,a,)

K7 (a) K3~ () — K3 (a) K™ (o) = (—1)".

In particular, 7; is in SL(2,7Z) if 7 is odd, and GL(2,Z) otherwise.
Recall the Markov minimum of a form f

m(f) =, inf |f(.y)]

Proposition 2.2.33. If the Markov minimum of a form f is attained at a point

v € Z2 then v is a vertex of a sail of f.

Proof. Let m(f) = |m|, for some |m| € Z,. Assume m > 0 (otherwise consider
the form — f, which has the same sails). Let 0 < n < 1. The curve f(z,y) =n is
a hyperbola contained between the solutions of f(z,y) = 0 and the sail of f. It is
convex. There is some real number N > 0 for which the hyperbola f(z,y) = N
contains an integer point, while no other integer point satisfies 0 < f(z,y) < N.
Any integer point on f(x,y) = N is on the sail of f, since the curve is convex.

Hence N = m.
[ |

Combining Propositions [2.2.26| and [2.2.33| we have the proof of the following

statement.

Proposition 2.2.34. Let f be a form with a periodic LLS sequence, with period
a=(ay,...,a,). Then the Markov minimum of f is a continuant of some cyclic

shift of a, so
m(f) = min{f((ai) li=1,...,n}.
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2.3 Integer geometry and the Markov spectrum

In this section we state a relation between values of forms and the continued
fractions of certain broken lines. This relation is given in Theorem [2.3.14 We
shall see that a special case of this theorem is the Perron identity, a central
result going back to Perron [76] linking doubly infinite sequences to the Markov
spectrum.

The results in this section are proved in the paper [54] by O. Karpenkov and
M. Van Son. The definitions in this section are taken directly from this paper.

We have the definition of finite f-broken lines.

Definition 2.3.1. Consider a form f with linear factors fi(z,y) = ax + by and
fo(z,y) = cx + dy. We call a broken line with vertices Aq ... A, a finite f-broken
line if the following hold:

e the endpoints Ay, A, # O satisfy f1(Ag) =0 and fo(A,) = 0;
e all edges of the broken line have positive length;
e the line A, 1Ay does not pass through the origin for any £k =1,...,n.

Example 20. The left hand side of Figure [2.8 shows an f-broken line for the
form 3y? — 22y — 52%. The shaded area in the right hand side figure is a convex
hull of the form 5x%2—3zy. The boundary of this is one of the form’s sails, which

is also an f-broken line.

Recall the definition of oriented area of a parallelogram from Definition [1.3.10]
For points A = (a1,a2), B = (b1, b2), and C' = (¢q, ¢2) recall that the orientation
of the angle ZABC' is

. . by —ar by —as
sign (det(BA, BC)) = sign | det .

by —c1 by —cy

Definition 2.3.2. Let A = AyA;... A, be a broken line with Ay, A, # O.
The signature of A with respect to the origin is the sign of the determinant
det(OAp, OA,). We denote this by sign(.A).

Remark 2.3.3. This definition is important since a sign change occurs when we
change the ordering of the broken line, i.e. whether Ay or A,, are considered the

start point of the broken line.

We define the LSS sequence of a finite f-broken line.
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Figure 2.8: Left hand side: A broken line for the form 3y? — 2xy — 522.
Right hand side: The sail of the acute angle between 3y = 5z and y = 0.

Definition 2.3.4. Given an f-broken line A = Ay ... A, define

Aok = det(OAk, OAkJrl), k= 0, e,y

a _ det(ApAk—1, AxAki1) A n
2%h—1 o aton , N

We call agy, the integer scaled length of the line segment AxAgi1. The integer sine
of the integer angle LAy, 1 AxAgi1 1S agg_1-

The sequence (aq, ..., as,) is called the lattice scaled sine sequence (or LSS
sequence for short) for the broken line, and is denoted by LSS(.A). We call the
expression [ag;. .. : ag,] the continued fraction for the broken line A. Note that

the values a; # 0 may be negative and rational or irrational.

Example 21. We work out the LSS sequence for the sail of the acute angle
between 3y = 5z and y = 0, as in Figure 2.9] Let Aq = (1,0), A; = (1,1), and
Ay = (3,5). Then

10 11
’1 1‘—1, and ‘3 5‘—5—3—2.
Further, we have that
1—-1 1-0 0 1
1-3 1-5 -2 —4 2 1
1-2 T2 T2 &
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Figure 2.9: The LSS sequence for the sail of the acute angle between 3y = 5z
and y = 0.

Hence the LSS sequence is (1, 1,2). The broken line between A, and A, has sign

. 10
sign <det <3 5)) = +1.

The shaded area in Figure [2.9]is the convex hull of the angle. The boundary of

the convex hull is the sail.

Recall Definition [1.3.13|defining the LLS sequence. The following proposition,
a proof of which may be found in [52], relates this with the LSS sequence.

Proposition 2.3.5. For a sail with a finite LLS sequence, the definitions of
LLS sequence in Definition and the LSS sequence in Definition |2.5.4] are

equivalent.

Remark 2.3.6. The LSS sequence of an f-broken line encodes information about
the values of the form at the vertices of the broken line, as we see below in
Theorem [2.3.14, The LSS sequence is an invariant of the f-broken line under
SL(2,7Z) transformations. Hence the continued fractions of the broken lines are
SL(2,Z) invariants, and so their value does not change regardless of the choice of

representative from a form’s SL(2,7Z) equivalence class.

Remark 2.3.7. Scaling a form f by a non zero real number A changes the values
the form attains at integer points. Such a scaling is an equivalence relation that
does not change the solutions to f(x,y) = 0 (that is, the arrangement A of f
is also the arrangement for a scaled form Af.). When evaluating the value of f
in terms of continued fractions of broken lines we must take care of any scaling

factor.
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To counter this we multiply our forms by an appropriate scaling factor. Recall
that an indefinite binary quadratic form f may be written as the product of two

linear factors fi(z,y) = ax + by and fo(z,y) = cx + dy, where the discriminant
of f(‘ray) = fl(xay) ’ fQ(xvy) is
A(f) = (ad — bc)?.

We scale the values of our form f by sign(ac)\/A(f).

Definition 2.3.8. Let f a the form with linear factors (az + by) and (cz + dy).
The discriminant of f is A(f) = (ad — be)?. We define the scaled form f(x,y) to

be
3 _ f($ay)

T = Gantae) VAT

Now we define infinite LSS sequences and sails for irrational angles.

Definition 2.3.9. Let f be a form with linear factors fi(z,y) = y — myx and
fa(z,y) = y—max for real numbers my and my. An asymptotic f-broken line is an
infinite in both sides broken line ... A_sA_1AgA; A, ..., for which the following

conditions hold (we assume that Ay = (2, yx) for every integer k):

e the two side infinite sequence (%) converges to different slopes m; and mo

of the linear factors of f as n increases and decreases respectively;
e all edges of the broken line have positive length;
e for k € Z the line Ay_1A; does not pass through the origin.
We have the analogue of sign for infinite broken lines.

Definition 2.3.10. Let f be a form with linear factors fi(z,y) = y — myz and
fo(z,y) = y — mox for real numbers my and mq. Let A=... A 2A_1AcA1Ay. ..
be an asymptotic f-broken line. Let the slopes (g—:) converge to msy for n — —oo,

and converge to m, for n — 4o00. The sign of A with respect to the origin is the

. 1 :
sign (det <1 :i)) = sign(my — my).

We define the LSS sequence for asymptotic f-broken lines.

following

Definition 2.3.11. For an asymptotic f-broken line
A=...A A {AjA1 Ay ...

let
Aok, = det(OAk, OAk-i-l)a k e Z;
A A, 1, AL A
oy — det(ApAk_1, Ag k+1)7 ke
A2k —2G2k
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A

Figure 2.10: The four sails for the form 522+ 9xy —7y?, given by the LSS sequence
with period (1,1,2,2).

We call aqy, the integer scaled length of the line segment Ay Ag,1. The integer sine
of the integer angle /A, _1 A Agi1 1S agg_1.

The sequence (...,a_9,a_1,a9,a1,as...) is called the LSS sequence for the
broken line and denoted by LSS(.A).

We relate the LLS and LSS sequences of sails with the following proposition,
a proof of which may be found in [52].

Proposition 2.3.12. For a sail with an infinite LLS sequence, the LLS sequence

(of Definition and the LSS sequence (of Definition|2.3.11) are equal.

Remark 2.3.13. The infinite broken lines we work with in the study of the
Markov spectrum will be sails of forms. Figure [2.10] shows the sails of the form
522 + 9zy — Ty

The following theorem from [54] relates continued fractions of broken lines

with the values of forms.
Theorem 2.3.14 (O. Karpenkov, M. Van-Son [54]).

(i) Finite Case: For a form f and scaled form flet A= Ay... Apir be an

f-broken line (here n and m are arbitrary positive integers), and let
LSS(A) = (a'(b ag,. .- 7a2n+2m)~

Then

. sign(A
f(An) = i i .g LA } ; ; ‘
Aopn—1 + [O, Aop—2 © ... ao] + [0, Aoy © oo .t a2n+2m]
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Figure 2.11: The form (y — 2z)(3y + x) and broken line A = A, ... As.
(i) Infinite Case: For a form f(x,y) = (ax + by)(cx + dy) let
./4. = ... A,2A71A0A1A2 SO

be an asymptotic f-broken line, and let

LSS(A) = ( ..Q_92,0_1,0Qp,0Q1,0a2, .. )

Assume also that both continued fractions

0;a_1:a—9:...] and [0;ay:ay:...
converge. Then
F(Ay) = sign(A) |
ag+[0;a_1:ao:...]+[0;a;:as: ...

We prove this theorem in Section [2.4] below.

Example 22. Let f(z,y) = (y — 2z)(3y + ), with scaling —y/A(f) = —7. Let
A = Aq... A5 be the broken line in Figure 2.11| with vertices

Ap=(3,-1), A= (41), A= (1,4),
Ay =(2,1), A, =(3,4), As=(3,6).
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yA
X
>

Figure 2.12: Sail and LLS sequence for the form 522 + 92y — 7y%. Integer sines
are written in red, and integer lengths are written in black.

Then A is an f-broken line, with sign given by

. : 3 —1
sign(A) = sign (det (3 6 )) = +1.

The LSS sequence of A is

3 2 6 1
L = (7, —=,15, =, —7,—,5,——.,6 ] .
SS(A) (7, 55 19507525, 15,6)

Then the value of the scaled form f at A, is given by the theorem as

< sign(A)
A pr—
f( 2) 2 0:15 : 3.7 0: 7.6.5. 1.6
B +1
%t e
26
==
Indeed, we have
; f(4s) 26
A) — - _=
Example 23. Let f(x,y) = 5x? + 9xy — 7Ty?. Let A= ... A_1AgA;... be the

sail of f containing the point (1,0), as in Figure 2.12] Then A is an f-broken
line. The LSS sequence (a;);ez is periodic, with period (1,1,2,2). Let ao denote
the integer sine of angle at (1,0), and as the integer sine of angle at (1,1). Then
(a;)72, =1(1,1,2,2,1,1,2,2,...),
(@) =(2,2,1,1,2,2,1,1,...).
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Since

—14 —14

< —94—v@§Tx> <y—»_9__v§§Ix>

we have sign(A) = 81gn E = 1. According to Theorem [2.3.14] the value of f

at (1,0) is
V221
f(1,0) = : )
24+ [0:(1,1,2,2)] + [0; (2,1,1,2)]
B V221
B — 944221  — 114221
2+ +
10 10
:57

which is correct.

Theorem is related to the study of the Markov minimum of a form f
by Proposition [2.2.33] Note that we have a new proof of Theorem [1.3.19] from
Section [I.3] It follows as a corollary to Theorem [2.3.14] and Proposition [2.2.33]

Corollary 2.3.15 (O. Perron). Let A = A A 1AGAL Ay ... be a sail of a
form f with LLS sequence

LLS(A) = ( ..Q_92,0_1,0Qp9,Q1,Q9, .. )

Then A is an asymptotic f-broken line, and we have the following equality

inf |f| = inf

A(f)
7Z2\0 i€z \ a; +[0;a01 : aio: ]+ (0501 a9 .. )
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Figure 2.13: The kernel of f and the f-broken line PAQ.

2.4 Proof of Theorem (2.3.14

The work in this section appears in the paper [54], written jointly with O. Karpenkov.
We prove Theorem [2.3.14, We start with three lemmas.

Lemma 2.4.1. Let f be a form. Let P # O and @ # O annulate distinct linear
factors of f. Then for every point A it holds

) = sin(poQ) - “HOROSL FEBRO L AT

Example 24. Consider the following binary quadratic form
f(@,y) = (z+y)(z - 2).

Let PAQ be an f-broken line, with P = (2,1), A = (3,0), and @ = (2, —2), see
Figure [2.13] Direct calculations show that

det(OP,0A) = 6, det(OA,0Q) =3, det(OP,0Q) =6,
sign(POQ) =1, f(4) =9, A(f) =9.

Therefore, we have

, det(OP,0A) - det(OA, OQ) . 63
sign(POQ) - 10t(0P,00) VA =1-—=-V9
= f(A).

Proof of Lemma |2.4.1. The statement is straightforward for the form

=9

f(z,y) = azxy,

for a non zero real number a. Assume that P = (p,0), @ = (0,q), and A = (z,y).

Then we have

py-qr det(OP,0A) - det(OA, OQ) _

H(A) = azy = pq det(OP,0Q)

A(f)-
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For P = (0,p) and @ = (¢,0) we have

f(A) = azy = —(—paf)_%);—qgj) ‘a
_ det(OP,0A) - det(0A,0Q)
T det(OP, 0Q) '

This concludes the proof for the case of f.

A(f)-

The general case follows from the invariance of the expressions of the equality
of the lemma under the group of linear area preserving transformations (i.e.,

whose determinants equal 1) of the plane. [ |

Now we prove a particular case of Theorem [2.3.14]

Lemma 2.4.2. Let f be a form. Consider an oriented f-broken line B = ByB B>
with LLS(B) = (bo, bl, bg) Then

sign(B) - /A(f)
1+ [0; bo] + [0; bs]
Proof. Set B; = (x;,y;) for i = 0,1,2. Then Definition implies
bg = det(OB(), OBl> = ToY1 — 1Yo,
b2 = det(OBl, OBQ) = T1Y2 — Y12,
_ det(B By, B1B3) _ ZoY2 — ZaYo — To¥1 + T1Yo — T1Y2 + Y122
! bobg bObQ .

After a substitution and simplification we get

1 _ (zoy1 — 1Y0) (T1Y2 — Y172)
by + [0; bo] + [0; b ToY2 — T2Yo
det(OBo, OBl> : det(OBl, OBQ)

det(OBy, OB,)

Finally recall that
sign(B) = sign(ByB1B2).

Now Lemma follows directly from Lemma [2.4.1 [ |

For the proof of general case we need the following important result.

Lemma 2.4.3. ([52, Corollary 11.11, p. 144].) Consider a broken line Ay ... A4,
that has the LLS sequence (ay,...,as,), with Ay = (1,0), A1 = (1,a0), and
A, = (z,y). Let

a=lag;ay ;... agy

be the corresponding continued fraction for this broken line. Then

Yy _
= =q.
x
For the case of an infinite value for a = [ag;a; : ... : as,],
x —_—
, )
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Figure 2.14: The original f-broken line A and the resulting f-broken line BA, C.

For a proof of Lemma we refer to [52]. As a consequence of Lemmal[2.4.3]

we have the following statement.

Corollary 2.4.4. Consider two broken lines Ay ... A, and By ... B, that have
the LLS sequences (ao, .. ., az2,), and (by, ..., bay,) respectively. Suppose that the
following hold:

o Ay = By;

e the points A,, B,,, and O are in a line;

e the points Ay = By, A1, and Bj are in a line.

Then
[ao;a1 e agn] = [bo;bl e bgn].

Proof. In coordinates of the basis

A4,
=0A =" "
€1 05 €2 \A0A1HOA0\
the coincidence of continued fractions follows from Lemma 2.4.3 [ ]

Now we prove Theorem [2.3.14]

Proof of Theorem[2.3.14]. (i) Finite Case: Let f be a form. Denote the linear
factors of f by f; and f,. Consider an f-broken line A = Aq... A, . Without
loss of generality we assume that Ay and A,,.,, annulate f; and f, respectively.
Denote by B the intersection of the line A, A, _; with the line f; = 0. Denote
by C' the intersection of the line A, A, .1 with the line f, = 0. (See Figure[2.14])
Then the continued fraction for the broken line BA,C is [by : ag,_1 : by] for some

real numbers by and b,.

By Corollary we have

by = [a2n—2; st ao],
b2 = [agn; et a2n+2m].
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By construction
sign(BA,C) = sign(A).

Therefore by Lemma we have
sign(BA,C) - /A(f)
aon—1 + [0; bo] + [0; bo]
sign(A) - \/A(f)

Aon—1+ (0502, 2 : ... agl + [0;a2, : ... : Gonsom]
This concludes the proof of the finite case in Theorem [2.3.14]

f(An) =

(i) Infinite Case: Without loss of generality we consider the form
f=XMap= Ay —ax)(y + fr),

for some nonzero A\ and arbitrary a # 5. Let A= ... A 3A 1AgA1As... be an
asymptotic f-broken line, where the points Ay = (2, yx) for all integer k. Also
we assume that zy # 0 for all k£ (otherwise, switch to another coordinate system,
where the last condition holds).

Set
An == A_n ce A_QA_leAlAQ e An,

Y—n Yn
T_p, Tn

First of all, by definition LLS(A,,) coincides with LLS(.A) for all admissible en-

tries. Secondly, we immediately have that
T}l_)ngo A-fanugn (AO) - AfCVaB(AO)
Thirdly, the sequence of signatures stabilizes as n tends to infinity. In other words

lim sign(A,) = sign(A).

n—oo

Fourthly,
lim AAMfan8,) = AAfap)

(recall that A(f) is the discriminant of the form f). Finally since both continued

fractions
0;a_1:a-5:...], and [0;ay:as:...]

converge and by the above four observations we have
f(Ag) = lim Afa, 5, (Ao)
sign(Ay) - VA fa.6,)

= lim .
n—ooag+ [0;a_1 a9 ... as 9,] +[0;a1 a9 ... agy_ o

_ sign(A) - VA(S)
ap+[0;a_q1:ao:..]+[0;a1:az:..]

The second equality holds as it holds for the elements in the limits for every

positive integer n by Theorem [2.3.14f (7).
This concludes the proof of the infinite case of Theorem [2.3.14] [
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2.5 Markov spectrum and Markov forms

In this section we discuss the discrete subset of the Markov spectrum. We see
how it relates to the study of equivalence classes of forms. We also define Cohn
matrices and discuss their triple graph structure.

We use several results on forms in our work. Of particular importance is
the relation between forms and periodic continued fractions. This theorem was
proved in two parts, contributed by L. Euler in [36] and J.L. Lagrange in [60].

We use the fact that the continued fraction expansion of a root of a quadratic
form is the reverse of its conjugate, which was first shown by E. Galois [39).
Markov’s theorem in [63] [64] showed the SL(2,7Z) equivalence of certain forms by
their Markov minima. G. Frobenius [38] used SL(2,7Z) to generate these forms.

H. Cohn’s work [20}, 21] showed how SL(2,Z) matrices may generate Markov
numbers, equivalent to Markov forms.

Analogous to the study of binary forms is the study of ternary forms. H. Dav-
enport studied ternary forms in [29] 30, 31, B2], as did L. J. Mordell in [69, [70].
Other work on forms include [47, 48], [72].

2.5.1 Markov spectrum and forms

Recall the definition of the Markov spectrum M from Section [I.I] Recall that

the Markov value of a form f is

Example 25. Let f be the form f(x,y) = 52? + 11zy — 5y, Then the Markov

value of f is

Let g be the form g(x,y) = 2* + zy — y. Then the Markov value of g is
Vb€ M.

By Theorem [1.3.19| (or alternatively Corollary [2.3.15)) we have the following
definition of the Markov spectrum.

Definition 2.5.1. Let Z° be the set of doubly infinite sequences of positive

integers o = (a;);cz. Let P be a function on Z° defined by the equation

P(a)) = sup {[ai;aiH co )0 aim aig ]}

1€Z

Then Markov spectrum is the set

M = {P(a)‘a € zO}.
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0 NGRS 3
| A A | L
| | T 1 uquIIIIIIIIIIIIIIII > 00

Figure 2.15: Structure of the Markov spectrum below 3.

Example 26. Let a be the doubly infinite sequence with period (2,2, 1,1). Then
Pla) = [(2,2,1,1)] + [0;(1, 1, 2,2)]
_ V2149 VEI-9 _ Vol
10 10 5
Let B=...,1,1,1,.... Then
PB)=[1;1:1:..]+0;1:1:1:..]
5+1 5—1
= \/_; +\/_2 =VheM.
The following theorem tells us about certain important values on the Markov

€ M.

spectrum.

Theorem 2.5.2.
(i) The smallest value on the Markov spectrum is /5.
(ii) The second smallest value on the Markov spectrum is /8.

(iii) The first limiting point of the Markov spectrum is 3.
The result in Part (7) of Theorem is attributed to A. Hurwitz [46] (known

as Hurwitz’s theorem), but the result was proven earlier by A. Markov in [63], [64],
as was Part (7). In fact, both (i) and (#7) were known earlier still by Korkine
and Zolotarev [59, pg. 369-370]. Part (444) is part of Markov’s theorem as stated
in Section [L.1] given in the papers by A. Markov [63, 64].

Example 27. Figure [2.15[shows the structure of the Markov spectrum below 3.

Recall the definition of Markov forms fq, , defined for a Markov triple (a, @, )
from Definition [L1.6l

Example 28. Table shows triples where the first eight regular Markov num-
bers are the largest elements, the Markov forms for these triples, and the associ-

ated Markov values.

The following proposition shows when a Markov form is defined solely by its
Markov number. We delay the proof until Section

Proposition 2.5.3. Markov forms are defined uniquely by the value fq, ,(1,0) if

and only if the uniqueness conjecture for Markov numbers is true.
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Table 2.1: Markov values and Markov forms

(a, Q) V9Q% —4/Q JQus

(1,1,1) V5 2+ zy —y?
(1,2,1) V8 22% + dxy — 2y°
(1,5,2) @ 522 + 11y — 5y?
(1,13,5) Bl 1322 + 292y — 13y?
(5,29,2) 565 292263 + zy — 31y?
(1,34,13) 2000 342% + T6zy — 34y
(1,89,34) s 8922 4 199xy — 8912
(29,169, 2) Y270 16922 + 367xy — 181y

2.5.2 Cohn matrices

In regular Markov theory there are collections of matrices called Cohn matrices,
studied by H. Cohn in [20]. These are important for two reasons: firstly they
mirror the graph structure of regular Markov numbers with the operation of
matrix multiplication. Secondly, each Cohn matrix represents a Markov number,
derived from the trace of the matrix. An exposition on Cohn matrices is found

in 2], from where we get the following definition.
Definition 2.5.4. An SL(2,Z) matrix
a b
o= (: 1)
is a Cohn matriz if there is a Markov number m such that
b=m and tr(C)=3m.
Example 29. The following are Cohn matrices.
7 5 3 2 A7 34 11
A_<11 8)’3_(4 3>’X_<76 55)’andy_<1 2>'
Note how the multiplication of A and B results in another Cohn matrix C,

4129
C_AB_(65 46)’

and that the regular Markov numbers represented by (A, C, B) form a vertex in

the tree of regular Markov numbers Gy (1,5, 2) from Definition [1.1.11] The vertex
in the tree of regular Markov numbers is then (5,29, 2).

Cohn matrices have a triple graph structure. In fact, there are multiple differ-
ent trees of Cohn matrices, all of which correspond to the tree of Markov numbers

through the map taking a matrix to a third of its trace. To verify this we first
need the following definitions.
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(AB3, AB*, B)
(AB?, AB3, B)

/\

(AB?,(AB%)B, AB?)

(AB, AB?, B)

(AB(AB?), AB(AB?)?, AB?)
(AB,(AB)?B, AB?)

/\

(AB, (AB)B, (AB)?B)
(A, AB,B)

(A(AB)?, A(AB)3, AB)
(A%B, A(AB)?, AB)

/N

(A2B, (A2B)?AB, (A>B)AB)
(A, A2B, AB)

(A*B, A(A%B), A’B)

(A, A3B, A2B)

/\

(A, A*B, A3B)

Figure 2.16: The structure of the first 4 levels in the tree of Cohn matrices with
starting pair (A, B).

Definition 2.5.5.

(i) For an integer a define the pair of matrices C}(a) and Cy(a) by

a 1 2a+1 2
Ci(a) = <3a—a2—1 3—a> and  C(a) = (4@—2a2+2 5—2a> )

We call the pair
(Ol (a)a 02(a))

a starting pair of Cohn matrices for a.

(74) For an integer a we define G (a) to be a directed tree of SL(2,7Z) matrices

with root

(Cl (a),Cy(a)Cs(a), Cy (a)) ,

where (Ci(a),C(a)) is the starting pair of Cohn matrices for a. Each

vertex v = (A, B,C) in Ge(a) is connected to two other vertices

wy =(A,AB,B) and wg=(B,BC,C)

by the edges (v,wy) and (v,wg). We call such a graph Go(a) the tree of

Cohn matrices for a.

Example 30. In Figure [2.16| we show the structure of the first four levels in a
tree of Cohn matrices. Here we may substitute any starting pair of Cohn matrices
for A and B.
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Example 31. For the matrices

18 13 269 194 7 5
A= (29 21)’ ¢= (434 313)’ b= (11 8)’
the triple (A, C, B) is at a vertex in the graph gc(l). Note that AB = C'. Taking
the trace of each matrix and dividing by 3 gives the triple

((trgA)7 (trgC)’ <t1“33)> — (13,194, 5),

which is at a vertex in the tree of regular Markov numbers.

We finish this section with a theorem that proves a general version of this

example. The proof may be found in the book by M. Aigner [2].
Proposition 2.5.6.
(i) Each vertex in each tree of Cohn matrices is a triple of Cohn matrices.

(ii) Let v = (A, B,C), v, = (A, AB,B), and vg = (B, BC,C) be vertices in

any Cohn tree connected by the edges (v,vr) and (v,vg). Then the triples
(trA) ( trB (tr C)
V pu—
( 3 3
((tr A) (tr AB (tr B))
Vi = ’
3
Ve = (tr B) (tr BC’) (tr C)
R — 3 ) 3 ’ 3 )

are vertices in the tree of Markov numbers connected by the edges (V, V)
and (V,Vg).
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Chapter 3

Triple graph structure of Markov

numbers

In this chapter we study the relations between all the different areas in the theory
of Markov numbers. In particular we look at forms, matrices, sequences, regular

Markov numbers, and the Markov spectrum.

We start in Section by defining general notation for the triple graph structure
that is used throughout our study. We immediately apply the notation to regular

Markov numbers.

In order to extend our notion of Markov numbers we require simple relations
between forms, SL(2,7Z) matrices, and regular Markov numbers. Cohn matrices
are representatives of equivalence classes of SL(2,Z) matrices, as Markov forms
are representatives of SL(2,7Z) equivalence classes of forms. In Section we
choose new representatives from these classes. We show that they have a triple
graph structure similar to regular Markov numbers, and we define maps between

these graphs.

In Section we present inverse maps to the graph relations from the previous

sections.

We complete our study of the relations between the various graphs of Markov
numbers, forms, matrices, and sequences in Section We present a diagram

relating all graphs and the Markov spectrum below 3.
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3.1 Triple graph structure

In this section we define a notation for triple graphs. This is based on the tree

structure of regular Markov numbers from Subsection [I.1.2]

Definition 3.1.1. Let S be an arbitrary set and let o : S — S be a ternary
operation. For (A, B,C) € S® define the operations £, and R, by

L,(A,B,C) = (A,0(A,B,C),B)
Ro(A,B,C) = (B,o(B,C, A),C).

We define G(S,0,V) to be the directed graph with root V', whose vertices are
elements in S3, and whose vertices v, w € S? are connected by an edge (v,w) if

either

w=L,(v) or w=TR,(v).
We call ¢ the triple graph operation of G(S,a,V).

We define a triple operation for integers.

Definition 3.1.2. Define the triple operation of integers ¥ : Z3 — Z by the

relation

Y(a,b,c) = 3ab — c.
The operation ¥ is called reqular Markov multiplication of integer triples.
Remark 3.1.3. Note that
G(Z,%,(1,5,2)) = Gs(1,5,2)

is the tree of regular Markov numbers from Definition [I.I.11} This structure does
not depend on the information at the vertices (in this case the triples of integers).
As such, the graph of Definition is also a tree.

Here and below, when we talk of triple graphs it’s understood that these are
in fact trees. We call G(Z, ¥, (1,5, 2)) the graph of reqular Markov numbers. In
literature the term Markov numbers is common (not regular Markov numbers).

We add the prefix to avoid confusion later when defining general Markov numbers.

We relate vertices of different triple graphs by looking at their paths from the
roots of the graphs.

Definition 3.1.4. Let w be a vertex in G(S,0,v). Let as,...,as,_1 be positive
integers, and a; and as, be non negative integers. We say that (ai,...,as,) is a

path from v to w if
w = LPRE 1 LRI (v).
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Ra(0)
Ro(Lo(Ro(v)))
£o(Ra(v) <
£2(Ro(v)
R2(£4(0))
Ro(£s(0)) <
L(Ro(Lo(v)))
Ls(v)

Figure 3.1: The first 4 levels in an arbitrary graph G(S, o, v).

The power a; indicates an operation repeated a; times. We denote the path from
v to some vertex w by P,(w). For two triple graphs and vertices w; € G(S1, 01, v1)

and wy € G(,, 09, v9) we say that wy and wy are in the same position if

Py, (wl) = Pvz(w2)'

Definition 3.1.5. We define the N-th level in G(S, 0, v) to be all vertices w such

that the path (aq,...,aqs,) from v to w satisfies

2n
E a; = N.
=1

The 0-th level contains only the vertex v.

With these three definitions we can relate different graphs of matrices, num-

bers, forms, and sequences.
Example 32. Figure [3.1] shows the first four levels of a graph G(5, 0, v).
Recall the graph of of Cohn matrices G (a) for an integer a.

Definition 3.1.6. Define a triple operation of matrices o : (SL(2,Z))3 —

SL(2,Z) by the relation
(A, B,C) = AB.

We finish this section with the following change of notation for graphs.
Remark 3.1.7. Let
Ge(a) = G(SL(2,Z), o, (Cr(a), Ci(@)Ci(a), Ca(a) ).
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3.2 Ternary operations

In this section we define the ternary operations needed to generate the triple

graphs for forms, matrices, and sequences.

We start by defining the graph of reqular Markov sequences in Subsection [3.2.1]
We discuss some general properties for these sequences, and present an important

proposition justifying their definition.

In Subsection we define the graph of regular reduced Markov matrices, based
on the graph of regular Markov sequences. We define other graphs of matrices
from a ternary operation and triples of SL(2,7Z) matrices. We show that for a
specific triple of matrices, the ternary operation also defines the graph of regular

reduced Markov matrices.

In Subsection we define the graph of regular reduced Markov forms based
on the graph of regular Markov sequences. We define other graphs of forms from
a ternary operation and triples of indefinite binary quadratic forms. We show
that for a specific triple of forms, the ternary operation also defines the graph of

regular reduced Markov forms.

We finish the section with Subsection [3.2.4. Here we show that the previously
defined regular reduced Markov forms are equivalent to Markov forms, and that

the regular reduced Markov matrices are similar to certain Cohn matrices.

3.2.1 Triple operation for regular Markov sequences

In this subsection we build the graph of regular Markov sequences, and show
their relation to regular Markov numbers. Recall the definition of concatenation

of two finite sequences.

Definition 3.2.1. Let o = (ay,...,a,) and g = (by,...,b,) be finite sequences.
The concatenation of a and 3, written o @ 3 and shortened where appropriate

to af, is
a®f=af = (a,...,an,b1,...,by).

We define a graph of sequences of positive integers.

Definition 3.2.2. Let the set of finite sequences of integers be denoted by Z>.
Let (a,3,0) be a triple of sequences of positive integers in (ZOO)3 such that
o= (ay,...,a,) and f = (by,...,by). Define the operation & by

D(a,B,0) = a® B.

Then R
G(2%, &, (a, a8, 8))
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is the graph of sequences for a and 3. We denote this graph by Gg(«, ).
We call the graph Q@((l, 1), (2,2)) the graph of reqular Markov sequences.

The sequences in the vertices of this graph are called regular Markov sequences.

Example 33. In Figure [3.2| we show first three levels in the graph of regular

Markov sequences.

Remark 3.2.3. For a graph Q(S, o, (s1, S2, 33)), if o may be reduced to a binary

operation i.e. there is some o : S — S such that for any (a,b,c) € S® we have
o(a,b,c) =0a(a,b),
then we may denote the graph Q(S, o, (s1, 2, 33)) by
Go(51,53)-
Otherwise we denote the graph by
Go(51, 52, 33)-

We note several facts about regular Markov sequences in the following remark

and proposition.

Remark 3.2.4. For every regular Markov sequence o = (ay,...,a,) we have,
by construction, that n is an even integer. Every « other than (1,1) and (2,2)

begins with the subsequence (1,1) and ends with the subsequence (2,2).

Proposition 3.2.5. For a reqular Markov sequence o« = (aq, ..., a,) the subse-

quence (as, ..., a, 2) is symmetric.

A proof of this proposition may be found in the book by T. Cusick and
M. Flahive [23, Theorem 3].

Example 34. The sequence o = (1,1,2,2,1,1,2,2,2,2) is a regular Markov

sequence. Note that the length of the sequence is even, and that the subsequence
(2,2,1,1,2,2)

is palindromic.

Example 35. Table shows some regular Markov sequences in the left hand

column and some sequences that do not appear in vertices of Q@((l, 1), (2, 2)) in

the right hand column.

We relate the graph of regular Markov sequences with the graph of regular

Markov numbers.

72



3.2. TERNARY OPERATIONS

/

(2,2)
(1,1,2,2,2,2)

(1,1,2,2)

Table 3.1:
g@((L

Figure 3.2: The first three levels of g@((l,

\

/

(1,1,2,2)
(1,1,1,1,2,2)

(1,1)

\

(2,2)
(17 ]" 27 27 27 2’ 27 2)

(1,1,2,2,2,2)

(1,1,2,2,2,2)
(1,1,2,2,1,1,2,2,2,2)

(1,1,2,2)

(1,1,2,2)
(1,1,1,1,2,2,1,1,2,2)

(1,1,1,1,2,2)

(1,1,1,1,2,2)
(1,1,1,1,1,1,2,2)

(1,1)

1),(2,2)).

Some sequences in g@((l,l),(2,2)) and some sequences not in

1),(2,2)).

Sequences in Gy ((1,1), (2,2))

Sequences not in G ((1,1), (2,2))

(1,1),
(1,1,2,2),
(1,1,2, 2,2),
(1,1,2

2
2,1,1,
2,1,1,

Y Y

2,2,
2,2,2,2,1,1,2,2,2,2).

(1,2,2,1),

=N W

(1,1,2,2,1,1
(1,1,2,2,2,2
(1,1,1,2,1,1
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(,uVQ, uvs, 1/)
(,ul/, uv?, 1/)
(v, (pv)?v, pv?)
(1, v, v)
(12w, p(uv)?, pv)
(1, v, pv)

2
(. v, p?v)
Figure 3.3: The first three levels in a graph Gg(u, v).

(R (), K (), K (v))
(X(uy),K(qu)ak(V)) <
(B (), K (ur)20), K (?))

o

(K ), K (u(u)?), K (uv))
( <u>,f“<<u2u>,f<<uu>)<
(K, K(év), K(u2v))

Figure 3.4: The first three levels in a graph X(Q@(p, 1/))

=

Definition 3.2.6. Define a map y between triples of sequences and triples of
integers by
xa,8,8) = (K(a), K(5), K(8)).

Define a map X taking Gg (11, ) to a triple graph of integers in the following way:
let vertices defined by triples v in Gg(p,v) be mapped to vertices with triples
X(v), and let edges defined by the triples (v, w) be mapped to edges defined by
the triples (x(v), x(w)). Denote this new graph by X (Ge(u,v)).
Example 36. Figures and compare the first three levels in a graph
Go (1, v) with X (Ga (1, v)).

We have a proposition relating the graph of regular Markov sequences to the

graph of regular Markov numbers.
Proposition 3.2.7. We have the following equality.
X(g@((l, 1), (2,2))) = Gx(1,5,2).
Example 37. Table shows some regular Markov sequences « in the left hand

column and their regular Markov numbers K () in the right hand column.

Proposition has been known at least since G. Frobenius [38]. It is a
corollary to the work of H. Cohn [20, 21], also seen in [2, Thm. 4.7]. We prove
this theorem separately on page [79
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Table 3.2: Some regular Markov sequences and their regular Markov numbers.

Regular Markov sequences o, K(a)

1,1 1

(2,2) 2

(1,1,2,2) 5
(1,1,1,1,2,2) 13
(1,1,2,2,2,2) 29
(1,1,1,1,1,1,2,2) 34
(1,1,2,2,2,2,2,2) 169
1,1,1,1,2,2,1,1,2,2) 194
(1,1,2,2,1,1,2,2,2,2) 433

Proposition 3.2.8. The graph G (u,v) is a tree.

We omit the proof to this proposition here. It may be seen for example
in [2 55].

We now prove Proposition from Section [2.5, which says that Markov
forms are defined uniquely by their regular Markov number if and only if the

uniqueness conjecture for regular Markov numbers is true.

Proof of Proposition[2.5.3. Let (a,@,b) be a Markov triple, and let u and v be
integers defined as in Theorem such that the Markov form of @, is

fau,(@,y) = Qz® + (3Q — 2u)zy + (v — 3u)y>.

Assume @ defines the form fg, , uniquely. Then @ defines u, and hence v,

uniquely. Then from the odd continued fraction

Q

Z = [ynflu"wyl]

we obtain the sequence v = (y1,...,9n_1,2). The LLS sequence of the form has
period 7, since the value u = K7?(v) is given by the LLS sequence, see [23, The-
orem 3]. For two Markov triples (a;, @, b1) and (ag, @, bs), we have corresponding
vertices (a1,7, 1) and (aw,7, B2) in the tree Gg ((1,1),(2,2)). Since the splitting
of regular Markov sequences in triples is unique (see for example [9, 55]) we have
that a; = ap and 1 = S5, from which we have that a; = as and b; = b».

If the uniqueness conjecture holds then each Markov number ) defines its
vertex (a,(,b) in the graph of Markov numbers, and so ) immediately defines
the Markov form fq, , [

Remark 3.2.9. Note that the same requirement does not hold for regular Markov

sequences. There could still be distinct regular Markov sequences o and (8 for
which K (o) = K(3).
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3.2.2 Regular reduced Markov Matrices

We define new matrices to replace Cohn matrices. We will give two definitions,
one from sequences and another from a ternary operation. We show that the
definitions are equivalent in Theorem[3.2.20] The advantage of the new definitions
is to have simple relations between the matrices, regular Markov sequences, and
forms.

We start by relating matrices to arrangements, and see how we may recover

the LLS sequence for an arrangement from its matrix.

Definition 3.2.10. Let M be the matrix with integer elements and positive real

a b
=)

with determinant |M|, and with (a + d)? > 4|M|. Let

eigenvalues

fu(z,y) = ca® + (d — a)zy — by™.
We call f, the form associated with M.

Proposition 3.2.11. Let M be a matriz as described above and let fy; be the
form associated with M. Then the two eigenvectors of M create an arrangement

given by the equation

Proof. Let 7 denote an eigenvalue of M. Then the eigenvectors are solutions to

w (@)= (= (2).

From this we get the simultaneous equations

the equation

azr + by cr +dy
T = and T = ,
x Y

and so
azy + by? = ca® + day.

Hence the eigenvectors are defined by the equation f(x,y) = 0, where
f(z,y) = cx® + (d — a)xy — by”.
By the condition that (a + d)? > 4|M|, we have that the discriminant
A(f) = (d — a)? + 4bc
is positive. |
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3.2. TERNARY OPERATIONS 7

Definition 3.2.12. The arrangement of a 2 x 2 integer matrix A with positive
eigenvalues is the pair of lines defined by the eigenvectors of A. The LLS sequence

associated with A is the LLS sequence of its arrangement.

We introduce a notion of reduced matrices. This is important as the LLS
sequence of a reduced matrix is easily computable, see Theorem [3.2.15| below.

Definition 3.2.13. We call a matrix
a b
c d

Remark 3.2.14. There exists an algorithm to quickly compute the LLS sequence

reduced if d > ¢ > a > 0.

of a reduced matrix, see the book by O. Karpenkov [52, pg. 77]. There may
be multiple reduced matrices for any given arrangement. We classify these for
periodic sequences in Subsection below. For further information see [52,
Section 7.2]

The following theorem by O. Karpenkov allows us to extract the LLS sequence

of an arrangement from its matrix. A proof may be found in [52].

Theorem 3.2.15 (O. Karpenkov [52]). Let M be a reduced matriz in SL(2,7Z)

given by
a b
M= ( d) .

Assuming a > 0, let the odd regular continued fraction expansion of < be
[a1 et a2n_1]

and let ag, = Ld%lj Then the LLS sequence of the arrangement given by M 1is
pertodic, with period
(Cll, Ce ,a2n).

If a = 0 then the LLS sequence for M is periodic with period
(1,d —2).

Matrices from sequences

We develop a definition for our new matrices from finite sequences.
Recall from the proof of Proposition [2.2.22) that [(«)] is a solution to the

quadratic equation
K7™ Ha) = (KT(0) = K37 o))y — K3 (a)y* =0,
and (—1, [(«)]) is a solution to f(z,y) = 0, where
fla,y) = K¥™Ha)a® + (K] (a) — K37 (a))zy — K3 (a)y”.

Combining this fact with Proposition [3.2.11] we have the following definition.

7
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Definition 3.2.16. Let a = (a4, ...,a,) be a sequence of positive integers with

n > 1. Define the matrix

- (13 50)

to be the reduced matriz for a. If « is a regular Markov sequence then we call

M, the regular reduced Markov matriz for c.
Example 38. Here we show some regular reduced Markov matrices.
254 613 99 239 3 7
M = <433 1045) Ms = (169 408) Ms = (5 12)
a=(1,1,2,2,1,1,2,2,2,2) f=(1,1,2,2,2,2,2,2) 5 =(1,1,2,2)

Remark 3.2.17. Note that the matrices in Definition B.2.16] are reduced. If a
is (1,1) or (2,2) then Ki(a) = 1, and otherwise K5 *(a) is a product of positive

integers, and so positive itself. By the definition of continuants we have that

K7 (a) = a, K7 (o) + K7 () > K77 (a),
K7™ Ha) = ai K37 (o) + K37 (@) > K37 (o).

Note also that the transpose of such matrices are also reduced, since
K{(o) = a K3 (a) + K3 (a) > K7 (a).
However, Cohn matrices are not necessarily reduced in this sense.

Now we define a triple graph of regular reduced matrices from triple graphs

of sequences.

Definition 3.2.18. We define a map v between triples of sequences and triples

of 2 x 2 matrices by
')/(CY, 57 /8) = (Mom M57 Mﬁ) .

Define a map I' taking a graph Gg(p,v) to a triple graph of matrices in the
following way: let vertices defined by triples v in Gg(p, v) be mapped to vertices
with triples v(v), and let edges defined by the triples (v, w) be mapped to edges
defined by the triples (y(v),y(w)). Denote the new graph by I'(Gg (i, v)). We
call F(Q@ ((1, 1), (2, 2))) the graph of reqular reduced Markov matrices.

Matrices from ternary operations

Now we define matrices from a ternary operation.
Definition 3.2.19. Recall the notation
G(SL(2,2), 8, (C1(a), C1(a)C5(a). Ca(a))
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for the graph of Cohn matrices for some positive integer a. For sequences a and 3
of positive integers with length greater than one, and the same ternary operation

e, we define the graph
G(SL(2,Z), e, (M, Mo Mg, M) ),
where M, and Mg are the regular reduced matrices for the sequences v and /3.
We denote this graph Ge(M,,, M3).
Matrix definition equivalence

We show that the two previous definitions for graphs of matrices are equivalent

for regular Markov sequences.

Proposition 3.2.20. We have the following equality:
['(Ge((1,1),(2,2))) = Ga (M 1y, M22))-

First we prove the following important lemma on the multiplication of regular

reduced matrices defined by sequences.

Lemma 3.2.21. Let a = (ay,...,a,) and 8 = (by,...,b,,) be finite sequences of
positive integers with n > 2 and m > 2. Then
(KEnse) ) (K KON _ (Kron) o)
K (a) Ki(a)) \K{"(B) KY'(B) K™ aB) KT (ap)
Remark 3.2.22. This lemma says in particular that for a triple of regular Markov

sequences (a, af, 5), the associated regular Markov matrices (M,, M, Mgz, Mp)

obey the relation
MMz = M.

Proof of Lemma |3.2.21. We need the four equalities to hold

K3t ap) = K3 ()K" H(8) + K3~ () K3~ (B),
K37 (af) = K3 (a) K" (8) + K3~ () K3'(B),
K 4(a) = K2 (@)KP=(8) + KI- (o) K=(9), and
K7™ (aB) = KT (a)KT"(8) + K7™ (@) K3'(B).
Each of these equalities hold by direct application of Proposition [2.1.6| [ |

We prove the earlier Proposition [3.2.20
Proof of Proposition|3.2.20. By inspection we have

v((1,1),(1,1,2,2),(2,2)) = (May, MayMas), Mo)).
This is the base of induction.
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Assume for a triple of sequences (o, af3, 3) at a vertex in Gg ((1, 1), (2, 2)) that
Y(a,aB, B) = (Ma, MaMg,M/j). We show that
7(057 CYOQB, Oéﬁ) = (Ma7 MocMaﬁa Maﬂ)a
,Y<Oéﬁ7 @/Bﬂ, 6) = (Maﬂa MaﬁMﬂa Mﬁ)

Both equalities follow directly from Lemma [3.2.21] This concludes the induction,
and the proof. [

Remark 3.2.23. Note that by Lemma |[3.2.21] the proof of this theorem implies
that the equality of graphs

D (Ga(p 1)) = Gu(M,, M,)

holds for any finite sequences of positive integers p and v with length greater

than or equal to two.

Remark 3.2.24. It is known for a regular Markov sequence o = (aq,...,a,)
with regular Markov number Q = K () that

K'a) + K Y o) = 3K (a) = 3Q. (3.1)

One can find a derivation of this relation in, for example, [23]. We re-derive this
in Section .11

Equation tells us that the trace of regular reduced Markov matrices is
three times the associated regular Markov number, just like for Cohn matrices.
One might ask then if the two sets of matrices are similar, that is, given a regular
reduced Markov matrix M, is there an SL(2,Z) matrix P such that P~'M,P
is a Cohn matrix?. In fact we prove that this is the case with the upcoming
Proposition [3.2.39|

3.2.3 Regular reduced Markov forms

In this subsection we define triple graphs of forms. We define graphs of forms
by regular Markov sequences and also ternary operations. We show that these

definitions are equivalent in Proposition |3.2.31}]

Forms from sequences

We define forms in a natural way from continued fractions of sequences. Recall
that a periodic regular continued fraction [(«)] with period o = (ay,...,a,) is a

solution to the quadratic equation
K77 (@) + (K37 (a) = KT(a))y — K3 (a)y” = 0. (3.2)
With this in mind we define new forms based on finite sequences.
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Table 3.3: Some regular reduced Markov forms.

Regular Markov sequence « | Regular reduced form f,

(2,2) 2% + 4oy — 2y°
(1,1,2,2) 522 + 9zy — Ty?
(1,1,1,1,2,2) 1322 + 23xy — 19y
(1,1,2,2,2,2) 2922 + 53xy — 41y
(1,1,1,1,2,2,1,1,2,2) 19422 + 344xy — 284y
(1,1,2,2,1,1,2,2,2,2) 43322 + T91xy — 613y>
Definition 3.2.25. Let a = (ay, . .., a,) be a sequence of positive integers, where

n > 1. Let f, be the form defined by the equation
fal,y) = K(a)2® + (K7 (a) = K3~ (a))zy — K3 (a)y’.

We call f, the form associated with a. If o is a regular Markov sequence we call

fa the reqular reduced Markov form of a.

Remark 3.2.26. Note that we choose a form f(x,y) with the coefficient of xy
being
Ki(a) = K37 (),
which is the negative of the same coefficient in Equation (3.2). We choose this
to ensure that the associated Markov matrix is reduced, in the sense of Defini-
tion 3.2.13
Note that the two forms f(z,y) and f(—=z,y) attain the same values over

integer points and have the same discriminant, and hence their Markov value is

the same. We discuss this more in Subsection 3.2.4].

Example 39. Table|3.3|shows regular reduced Markov forms f,, and their regular

Markov sequences .

Recall Proposition [2.2.34] which says that the Markov minimum of the form

fo associated with a sequence o = (ay,...,a,) is
K(ai)v
for some i = 1,...,n, where q; is the i-th cyclic shift of a.

Remark 3.2.27. The Markov minimum for a Markov form fq, , is
f@.,(1,0) = Q.
Example 40. The regular reduced Markov form for a = (1, 1,2, 2) is
folz,y) = 5% + 92y — T>.

81



82 CHAPTER 3. TRIPLE GRAPH STRUCTURE OF MARKOV NUMBERS

The values of K () for circular shifts a; of o are

(5,7},

Note that we have only two values, since K (a) = K (). Hence m(f) = fa(1,0).
Let 8 = (5,3,4,3). Then

fa(z,y) = 692% + 210zy — 42y°.
The values of K (B;) for circular shifts f; of 8 are

{69, 42, 51}.

Hence m(f3) = £5(0,1).
Remark 3.2.28. Note the following about the discriminant of a form f,, for some
a=(ay,...,ap).
A(fa) = (K7 (a) = K37 (a))” +AK] ™ (a) K3 (a)
n n— 2 n n— n— n
= (K1 (a) + K3 l(a)) - 4(K1 () K3~ ) = K7 Ha) K3 (a))
= (K(a) + K3 Y ()" — 4.

2

The third equality holds from Proposition [2.1.8] (4i).

We define a triple graph of regular reduced Markov forms from the graph of

regular Markov sequences.

Definition 3.2.29. Define a map ¢ between triples of finite sequences and triples
of forms by
e(a,0,8) = (fa, [, I5)-

Define a map ® between the graph Gg(u,v) and a triple graph of forms in the
following way: let vertices defined by triples v in Gg(u, v) be mapped to vertices
with triples ¢(v), and let edges defined by the triples (v, w) be mapped to edges
defined by the triples (¢(v), ¢(w)). Denote this graph by ® (Gg(u, v)). We call
@(Q@ ((1, 1), (2, 2))) the graph of reqular reduced Markov forms.

Forms from ternary operations

Now we define a triple graph of forms from a ternary operation. We show that
the triple graphs of forms obtained from sequences are the same as from ternary

operations.

Definition 3.2.30. Let F denote the set of all indefinite binary quadratic forms.
Let fu(x,y) = a12? + asry + azy? and fy(x,y) = b1a? + boxy + bsy? be in F, and
let

A= \/ag —4(ajaz3 —1) and B= \/b% — 4(bybs — 1).
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Let also
o — —aiby + a1 B 4 bias + b1 A
1 — 2 )
as B + by A

Co = % — aibs + asb,

: —agbs + b3 A + asby + asB
3 = .

2

Define a binary operation for forms 0 : F2 — F by

~

e(fa;fb) = fcu

where
fo(z,y) = 12 + comy + c3y’.

Define a ternary operation for forms 6 : 73 — F by

0(fi, for f3) =0 (f1, fo) -

We call the graph N
G(F.0,(1.6(f.9),9))

the triple graph of forms for f and g and denote it by Gy (f, g). We call
Go (fa1), f2.2)
the triple graph of reqular reduced Markov forms.

Example 41. The regular reduced Markov forms associated with the regular
Markov numbers 1 and 2 are f(z,y) = 22 +xy—y? and g(z,y) = 22 +dxy — 2>
The corresponding triple in the graph of regular Markov numbers is (1, 5,2). We
show that the form

~

0(f,9)

is associated with the regular Markov number 5. For this operation we have that

the constants A, B, and the coefficients ¢, ¢9, and c3 are given by

—44+6+24+6
C1 = 9 :5,
A=+1—-4(-1-1) =3, 6+ 12
( ) @:-i;——2+2=&
B=+/16 —4(—4—1) = 6, 2
2-6-4—6
63:#:_7.

Hence R
0(f,g) = 5x* + 9zy — Ty*.

The vertex in the graph ® <Q®((1, 1), (2, 2))) associated with
v=((1,1,2,2),(1,1,2,2,1,1,2,2,2,2),(1,1,2,2,2,2))
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is
o(v) = (5932 + 92y — Ty?,4332% 4 7912y — 61332, 292° + 53y — 41y2).

We have that
—265 + 435 + 261 + 435

¢ = = 433,
A=/92 —4(=35-1) =15 1834705
o= L2210 L 905 203 = 701,
B = /532 — 4(—1189 — 1) = 87, 2
369 — 615 — 371 — 609
C3 = = —0613.

2
Hence 5(59@2 + 9zy — Ty?,292% 4 B3zy — 41y?) = 43322 + 791zy — 613y°.
Example 42. The Figure [3.5] shows the forms in the first 3 levels in the graph
of regular reduced Markov forms.
Form definition equivalence

Now we show that the graph Gy ( fan, f(272)) is obtained by replacing every se-
quence a = (ay, .. .,a,) in the graph Gg((1,1), (2,2)) with the form

falz,y) = K7 (a)2® + (KT(a) — K37 (a))ay — K5 (a)y”.
Proposition 3.2.31. We have the following equality of graphs

P (Go((1,1),(2,2)) = Go (fi11): fo2) -

Proof. First note that to get from a form c,2? + coxy + c3y? with ¢1, ¢ > 0, and

c3 < 0 to its associated reduced matrix we need to find a number C' such that

C —C3
C1 C + Co

is a reduced SL(2,7Z) matrix. From the determinant of this matrix being 1 we

have that C' must satisfy the equation
C? + c5C + c1e5 — 1 = 0.

From the requirement that the matrix be reduced we have that

—cy + /2 —4(cre3 — 1)

C= .
2
From Proposition [3.2.20| we only need show that the operation of two forms
0(fa: f5)

results in the form associated with the matrix

M, Mg,
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222 + day — 2y?

/ 1692 + 309zy — 239y2

2922 + 53xy — 41y

222 + 4ay — 29>

2922 + 53xy — 419>

522 + 9y — Ty?

2922 + 53zy — 41y>

T 4332 + 7912y — 61312

522 + 9xy — Ty?

222 + dzy — 2y

5x2 + 9xy — Ty?

$2+$y*y2

522 + 9xy — Ty?

1322 + 232y — 1992

522 + 9y — Ty?

1322 + 232y — 19y?

2?2 4+ zy — 2

1322 + 232y — 19y

x2+xy—y2

Figure 3.5: The forms from first 3 levels in the graph of regular reduced Markov
forms.
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where M, and Mz are the matrices associated with the forms f, and fz, and «

and [ are even length sequences of positive integers.

Let
fo = A12® + Aszy + Agy?, fs = Bix® + Boxy + Bsy?,
a1 a b1 b
= (o). = b
Then

A = ayg, By = by,
Ay = ag — ay, By = byy — by,
Az = —aqa, B3 = —bya.

We have from Proposition |3.2.20| that 5( fas f5) is the form for the matrix

aip a2 b1 bio _ a11011 + a12b91  a11b12 + a19ba
21 Q22 ba1 Do a21011 4 ax2ba1  az1bia + agbas
_ a11b11 — A3B1 —a By — ASBQ - Asbn
Arbin + BiAy + Biayy —Ai1Bs 4+ anbin + AsBy + ann By + b1 Ay )
The form associated with this matrix is
é\(fon f8) =(A1bi1 + B1 Ay + Blﬁlll)if2

+ (—AlBg + AQBQ + a1132 + b11A2 + A3Bl)l’y
+ (a11 B3 + A3 By + Asbn)yQ-

We define numbers A and B by the equations
—Ay+ AL —4(A1 A3 —1) A+ A

a;p = 5 = 5 , and
—By++/B3—4(B1Bs—1) —By+B
b11 == 9 - 9 .
Then N
e(fcw fﬁ) = Clx2 + 023’53/ + C3y27
where
C —AlBQ + BlAQ + AlB + BlA
1= )
2
ABy + BA
Cg = % + ABBl - AlB?n
C —A2B3 + ABg + A3B2 + A3B
3= .
2

as required. This completes the proof.
|

Remark 3.2.32. From the proof of this theorem it follows for any even length

sequences of positive integers p and v that
H(f,ua fu) - fuua

since the proof makes no other requirements on the sequences.
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Table 3.4: The first 10 Markov numbers with their Markov forms and regular
reduced Markov forms.

Markov triples (a,Q,b) | Markov form fo_, Regular reduced form f,
(1,1,1) 22+ xy — y° x? + Yy —y?
(1,2,1) 222 + 4oy — 2y° 222 + 4oy — 2y°
(1,5,2) 522 + 11ay — 5y? 5x2 + 9zy — Ty?
(1,13,5) 1322 + 292y — 13y 1322 + 232y — 19y
(5,29,2) 2922 + 63y — 31y° 2922 + 53zy — 411>
(1,34,13) 34a? + T6xy — 341> 342% + 60xy — 50y°
(1,89, 34) 892 + 199zy — 89y? 8922 + 157xy — 131y?
(29,169, 2) 16922 + 367xy — 181y? 169z? + 309xy — 23912
(13,194, 5) 19427 + 4322y — 196y? 19427 + 34day — 284y”
(1,233, 89) 93307 + 5210y — 233y% 23322 + Allwy — 34347

3.2.4 Matrix similarity and form equivalence

Recall that two forms f and g are equivalent if there exist integers a, b, ¢, and d
with ad — bc = £1 such that

f(z,y) = glax + by, cx + dy).

For a general reference on equivalence of integral forms see [18].
Recall also that two matrices A and B are similar if there exists an integer
matrix P with det(P) = %1 such that

A= P 'BP

In this subsection we show that Markov forms and regular reduced Markov
forms are equivalent. We also show that Cohn matrices and regular reduced

Markov matrices are similar.

Markov form equivalence

Recall that fg,, denotes the Markov form for the Markov triple (a,@,b), as in
Markov’s theorem, Theorem [I.1.9]

Example 43. In Table|3.4|we compare Markov forms and regular reduced Markov
forms for triples of the first ten Markov numbers. We see that the values at (1,0)
for both Markov forms and regular reduced Markov forms are equal for Markov

numbers up to 233.
Denote the length of a sequence « by |a.

Proposition 3.2.33. Let a be a reqular Markov sequence, so that ) = f((a) 18

a reqular Markov number, and (a,Q,b) is some Markov triple. If |a| = 2 then
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fal2,y) = fo.,(x,y). If |a] > 2 then we have the following equalities

fal=2 =2y,y) = fq.,(z,y),
folz,y) = fo., (=2 — 2y, y).

In particular, f, and fq,, are equivalent.
Proof. Note that for the sequences (1,1) and (2,2) we have

fany=2"+zy—y*= fi,,, and
foo) =227 +day — 20" = fo, ,.

For |a| > 2, equivalence of the forms fq,, and f, follows from proving either

equality. The second equality follows from the first since the transformation

G 7)

is self inverse. We prove the first equality.

matrix

We can write the coefficients of fq,, (see for example [23, Theorem 3]) in

terms of continuants of o = (ay, ..., a,) where K(a) = Q and n > 2 as

3Q — 2u = 3K} () — 2K} *(a),
v—3u= Ky ?*a)—-3K"?%a),

where u and v are as in the definition of Markov forms (from Theorem [1.1.9).
Comparing the coefficients of f,(—2 — 2y,y) to those of fp,, we see that the

statement in this proposition is true if and only if the following equations hold

AKT o) = K@) + K37 (a) = 3K7 (@) —2K7%(a),  (3.3)
4K Ha) — 2K (a) + 2K5 Ha) — K3(a) = K§ % (a) — 3K %(a). (3.4)

The left hand side of these equations are the xy and y? coefficients respectively
of fo(—xz — 2y,y), and the right hand side of these equations are the xy and y?
coefficients respectively of fq, ,(7,y).

Since o = (1, 1,as,...,a,_2,2,2) we have by the recursive definition of con-
tinuants that K7(a) = 2K *(a) + K" ?(a). Applying this to Equation (3.3)) we

get
K7™ o) + K37 a) — K7 (a) = —2K7 ()

—K7 7o) + K37 (@) = —K]7(a)
K77 (o) + K37 (a) = K77 (a).
Again by definition of continuants we have that K" *(a) = K3 '(a) + K3 ! (a),

and so

K7™ (a) + K3~ (a) = K77 ()
K77 (o) + K37 (a) = K37 (o) + K37 (o)
K77 (o) = K3~ H(a).
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By Proposition (iv) we have that

Kg_l(a) = Kn_g(ag, vy, Ap_9, 2) = Kn_z(ag, e, ap_9, 1, 1)

From Proposition we have that (as,...,a,—2) = (ap-2,...,a3). Combining
this with the symmetric property of continuants (from Proposition [2.1.8] (i1)) we

have
K5 (a ) —o(ag,...,apn-2,1,1)
2(an 2,...,@3,1,1)
o(1,1,a3,...,a,_2)
:K? *(a).

Applying similar continuant operations to Equation (3.4) we have

AKT (@) — 2K (0) + 2K (0) = K33 (a) — 3K (a)
—2K77*(a) + 2K57 (@) — K?(@)ZKQZ‘_Q( ) = 3K7*(a)
2 (0) — 263 (@) — K3 *(0) = K§(0) ~ K{*(a)
—K" *(a) = K57*(a) — K77%(a),
which is true by definition of continuants. This completes the proof. [ |

Remark 3.2.34. Note that for a regular Markov sequence o we have that
m(foz) = fa(LO)'

This follows since the forms f, and fq,, are equivalent for the Markov number
Q = K(a) in a Markov triple (a,Q,b), and

fa<170) - an,b<17O) - m(an,b)'

We finish this subsection with the following definition and corollary, relating

the graphs of regular reduced Markov forms and of regular Markov numbers.

Definition 3.2.35. Define a map A between triples forms and triples of integers
by

M fas fo: f5) = (fa(1,0), f5(1,0), f5(1,0)).
Define a map A taking Gy ( fus fl,) to a triple graph of integers in the following way:
let vertices defined by triples v in Gy ( fus f,,) be mapped to vertices with triples
A(v), and let edges defined by the triples (v, w) be mapped to edges defined by
the triples (A(v), A(w)). Denote the new graph by A(Gy(f.. f))-

Corollary 3.2.36. We have the following equality of graphs
A(gﬁ (f(l,l)u f(2,2)>) = gz(17 57 2)

Proof. This follows from Proposition [3.2.33|since the values of a Markov form and
its equivalent regular reduced Markov form are equal at (1,0), at which point the

Markov forms attain their Markov minimum. |
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Markov matrix similarity

In this section we show that regular reduced Markov matrices are similar to Cohn
matrices. The value in this comes from the following proposition, which is proven
by O. Karpenkov in [52].

Proposition 3.2.37 (O. Karpenkov, [52]). Two real spectrum SL(2,Z) matrices
A and B with positive eigenvalues are SL(2,7Z) similar if and only if their LLS

pertods coincide.

Example 44. We note that the regular reduced matrices for the Markov se-
quences (1,1) and (2,2)

11 1 2
M(l,l) = <1 2) and M(272) = <2 5)

are both Cohn matrices, but do not constitute a starting pair of Cohn matrices.
They are symmetric, so the Markov number appears in both the upper right and

lower left positions.

Definition 3.2.38. Let P be the matrix defined by

-1 1
r=(1 )
Note that det(P) = —1. Define a map mp from triples of matrices to triples of
matrices by

7p(Ma, Ms, Mg) = (P~"MyP, P~"MsP, P~"MgP).

Define a map Ilp from a graph G, (MM,MV) to a triple graph of SL(2,7Z) ma-
trices in the following way: let vertices defined by triples v in G, (MH, M,,) be
mapped to vertices with triples mp(v), and let edges defined by the triples (v, w)
be mapped to edges defined by the triples (Wp(v), ﬂp(w)). Denote this new graph
by Tp (G (M, M,)).

Recall the definition of Gg(a), the graph of Cohn matrices defined by the

integer a.
Proposition 3.2.39. We have that
Ip(Ge(M11), M22))) = Ge(1).
Proof. We use induction. By inspection we have that triples of matrices
(M(1,1)7M(1,1,2,2)7M(2,2)) and (Cl<1)a01(1)02(1)702(1))
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are similar, with transformation matrix

-1 1
(1))
This provides a base of induction. Recall for matrices A, B, M, and N and X

invertible that if
X 'AX =M and X 'BX =N

then
X 'ABX = X 'AXX'BX = MN.

Assume for some vertices (Ma, Mg, Mﬁ) in G, (M(l,l), M(272)) and (C’a, C,Cy, Cb)
in Go(1), that

(P~'MoP, P~ MysP, P~'MgP) = (C,, CoCy, Cy).

Then
(P MoP, P~ MuosP, P~ ' MogP) = (Co, C2Ch, CoCy),
(P MusP, P~ M35 P, P~ MsP) = (C,Cy, C,Cf, Cy).
This proves the induction, and the proposition follows. [ |

We end this subsection with the following definition and corollary, relating

the graphs of regular Markov numbers and regular reduced Markov matrices.

Definition 3.2.40. For a matrix
M = ayp; ai2 :
Q21 A22
denote the element a; ; by M (i, 7).

(i) Define a map v from triples of matrices to triples of integers by

V(Ma, Mag, Mg) = (Ma(2,1), Map(2,1), M3(2,1)).

Define a map Y from a graph G, (M 1 Ml,) to a triple graph of integers in the
following way: let vertices defined by triples w; in G, (M 1 M,,) be mapped
to vertices with triples v(wy), and let edges defined by the triples (wy, ws)
be mapped to edges defined by the triples (v(w;), v(ws)). Denote this new
graph by T(Q. (]\/[#, M,,))

(7i) Define a map vy from triples of matrices to triples of integers by

Ma) tI’(MaB) tr(Mﬂ)) ‘

tr(

MOC’ Ma ) M - Y Y
Define a map YT, from a graph G, (]\/[M,M,,) to a triple graph of integers
in the following way: let vertices defined by triples v in G, (MM, Ml,) be
mapped to vertices with triples vr(v), and let edges defined by the triples
(v,w) be mapped to edges defined by the triples (vr(v), vr(w)). Denote

this new graph by T ((]. (M/u Ml,))
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Corollary 3.2.41. We have the following equalities of graphs.
TT (go (M(1,1)7 M(Q,Q))) = GZ(la 57 2)7
T(Qo (M(l,l)y M(Q,Q))) = GZ<17 57 2)

Proof. Matrix similarity preserves the trace. The result then follows from Propo-
sition [3.2.39] [ |

We finish this subsection by noting that Proposition follows as a corollary

to Proposition [3.2.39]

Proof of Proposition[3.2.7. Proposition follows from the similarity of Cohn

matrices and regular reduced Markov matrices. [ ]
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3.3 Graph relations

In this section we discuss relations between the previously defined triple graphs

of regular Markov numbers, matrices, forms, and sequences.

In Subsection we define a map () between triple graphs of matrices and

forms. We also define its inverse map Q1.

In Subsection we define the inverse maps to ® and I" from Section [3.2]

3.3.1 Relation between forms and matrices

In this subsection we define maps between triple graphs of matrices and forms.

We base these maps on the result of Proposition [3.2.11] Recall that for a real

valued matrix
a b
=)

with determinant |[M| and tr(M)? > 4|M]|, the form associated with M is
fu(z,y) = ca® + (d — a)zy — by,
We define a map from matrices to forms.

Definition 3.3.1. Let w be the map between triples of matrices and triples of
forms in F?3 defined by

w(M,MN,N) = (fa, fun fn)-

Define a map €2 from a graph of matrices G, (M;m MV) to a graph of forms in
the following way: let vertices defined by triples v in G, (M,“ Ml,) be mapped to
vertices with triples w(v), and let edges defined by the triples (v, w) be mapped
to edges defined by the triples (w(v), w(w)). Denote the new graph by

QG (M My ) )

Remark 3.3.2. Note that by the definition of the graph G, (Mu, M,,), any matrix
M in any vertex has det(M) = 1 and a trace greater than one. Hence they satisfy
the condition that tr(M)? > |M| from Proposition [3.2.11]

Remark 3.3.3. Recall the standard definition way to associate a matrix with a

form f(x,y) = a12* + aszy + azy?,

In this thesis we use a different definition for a matrix associated with a form.
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Definition 3.3.4. For a form f(z,y) = a12* + aswy + azy? define the matriz

associated with f to be

—a9+1 /a§—4(a1a3—1)

M, = 2 s
S a2+w/a§74(a1a371)
aj

2
We use this notion to define an inverse map to €.

Definition 3.3.5. Define a map w™! taking triples of forms in F to triples of

SL(2,Z) matrices by
w_l(fv ha g) = (Mfa Mh7 Mg)

Define a map Q! from a graph of forms Gy ( fus f,,) to a graph of matrices in
the following way: let vertices defined by triples v in Gy ( fu, fy) be mapped
to vertices with triples w™!(v), and let edges defined by the triples (v, w) be
mapped to edges defined by the triples (w‘l(v), w‘l(w)). Denote the new graph

by Q7 (Go(fus 1))

Remark 3.3.6. Note for an even sequence a = (ay,...,a,) that |M,| =1 and
tr (M,) = K3 () + K{'(a) > 2.

Hence tr (Ma)2 > 4| M,)|.

We show that Q and Q7! are maps between the graphs of regular reduced
Markov forms and regular reduced Markov matrices. We show also that they are

inverse maps.

Proposition 3.3.7. For even sequences v and v such that the matrices M, M,,,,
and M, all satisfy the condition tr(M)* > |M|, and hence tr(M)? > 4|M|, we
have the following equality of graphs

Q(Go (M, M,)) = Go(fur 1),
Ge(M,, M,) = Q7 (Go(fus 1))

Moreover, the map § is a graph isomorphism with inverse Q1.
Remark 3.3.8. In particular, Proposition |3.3.7| says that

Q(Ge(M11), M(2.9))) = Go(frr1), fr2.2))

and

Ge (M(l,l)a M(2,2)) = (ge(f(l,l), f(2,2))) .

Lemma 3.3.9. Let o and 3 be sequences of even length such that the matrices
M,, M,gp, and Mjg satisfy the condition tr(M)* > |M]. Then

faﬂ = fMaﬁ - é\(fomfﬁ)'
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Proof. By definition we have that
fap = K77 HaB), I (af) — K57 Haf), K3t (af)).

Define real numbers A and B by

A=/ (Kp(a) - K37())? — 4(K(0) K§(a) — 1),

B=+y/ (Ki”(ﬁ) — KpYB)* - 4(K(B)KP(B) - 1).

Note that

Kp(a) — K3~ Y(a))® — 4(K(a)K3(a) — 1)

v
= (Kp() + K374 (a)) — 4K7(a) K3~ (a) — 4K () K3 (a) + 4
VI

Similarly, B = K7"(8) + K2"~'(8). We have that 8(fa, f3) = 12 + cyzy + s
from Definition |3.2.30, where

K(a)(B = (K7(8) = K3 (8))) + K(B) (A + (K7(a) — K3~ (o))

C1 = 9 )
Cy = B(K?(O‘)_Kgi (a))—;A(K{n(ﬂ)—K;” (ﬁ)) —k(a)K?(ﬁ)—i—Kg(a)k(ﬁ),
o = TEOA - (Ki(o) — K57 (@) + K5 () (B + (K7'(8) - K1 (5))

2
We have that

= K?" Y (o) K3 Y(8) + K1) K7 (B)
= KT 1(ap).

For c¢3 we have that

= KI Y () K5(B) + K3 () KT(B)
= K3t (af).

Finally, for ¢, we have

¢ = K7'(a)K7'(8) — K3~ () K3 (8) — K™ (@)K3'(8) + K3 (a) K" (8)
= K1 (Ba) — K3 (Ba).

From the symmetric property of continuants, we have that
K77 (Ba) — Ky (Ba) = KT aB) — K37 (ap).
This concludes the proof. [ |

Now we complete the proof of Proposition
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P

Regular I' Regular reduced

Markov sequences Markov matrices

o\ a ffo

Regular reduced

Markov forms

Figure 3.6: Relations between regular sequences and matrices, and regular se-
quences and forms.

Proof of Proposition|3.53.7. By definition we have that
W(Ml“ MMV’ MV) = (fua fuua fu)

This is a base of induction. We assume that w(Ma, Mag, Mg) = (fa, fas, f5) for
some vertex (Ma, Mg, Mﬁ) in G, (MM, M,,). We show that

W(Ma,MaaﬁaMaﬁ) = (fomfaaﬁ»faﬁ)»
w(Map, Maps, Ms) = (fap, fass: f5)-

Both of these equalities follow directly from Lemma |3.3.9,

Similar to €2, to show the inverse map Q! we only need to show the equality

w_l (faa fa,Ba fﬁ) = (Maa Moz,Ba Mﬁ)
We have that w™' (fa, fas, f3) = (M1, M2, M3), where

s (K§+m‘l<&5) K;+m<aﬁ>)
=K aB) Ki(aB))

The upper right and bottom left elements of the matrix are derived in the proof
of Lemma [3.3.9 This matrix is exactly Mg, concluding the proof. [

3.3.2 Inverse maps

Recall the maps ® and I above. We have the relations between regular Markov

sequences, regular reduced Markov matrices, and regular reduced Markov matri-
ces in Figure We define maps ®~! and I'"!. We show in Proposition [3.3.14

that ® and ®~! are inverse, as are I' and 'L,
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Definition 3.3.10. For an SL(2,Z) matrix

w2

define a map £ by

where [d/b] denotes the sequence in the even regular continued fraction expansion
of d/b.

Define a map ¢ from triples of matrices to triples of finite sequences by
5(MOH Maﬂ? MB) - (é\(Ma), g<MaB)7 g(Mﬁ))

Define a map I'"! between Go(M,, M,) and a graph of triples of sequences in
the following way: let vertices defined by triples v in Go(M,,, M,) be mapped to
vertices with triples (v), and let edges defined by the triples (v, w) be mapped to
edges defined by the triples ((v),(w)). Denote this graph by I (Ge(M,,, M, )).

Recall the following classical remark from Subsection [2.2.2] proven in the book
by O. Karpenkov [52].

Remark 3.3.11. Let f(x,y) = (y — az)(y — bx) be a reduced form with a > 1
and —1 < b < 0. Let the continued fraction expansions of a and b be
a=lay;as: ... =|al,
b= —[0;by:by:...] =[0; 5],
for some infinite sequences of positive integers o and 5. Then the LLS sequence

of fis
Ba.

From the classical theory of forms we have the following corollary, which allows

us to extract the sequence a from the roots of the quadratic f,(z,1).

Corollary 3.3.12. For each form in a triple (f,, fag, fs) we have that
Jale,1) = K(a)(z — [05 (a)]) (2 + [@)]),
fas(x,1) = K(af) (z — [0; (aB)]) (= + [(aB)]),
Jo(x, 1) = K(8)(z — [05(8)]) (= + [(B)]).

Definition 3.3.13. We define a map ¢! from such triples of forms to triples of

sequences by
¢ (far fass f5) = (@, a8, B).

Define a map @' between Gp(f,,, f,,) and a graph of triples of sequences in the
following way: let vertices defined by triples v in Gy( f,, f,) be mapped to vertices
with triples ¢! (v), and let edges defined by the triples (v, w) be mapped to edges
defined by the triples (¢~ (v), ¢~ !(w)). Denote this graph by ®~*(Go(fu, f»))-

97



98 CHAPTER 3. TRIPLE GRAPH STRUCTURE OF MARKOV NUMBERS

Regular I' Regular reduced

P

<&

Markov sequences - -1 Markov matrices

B T o

Regular reduced

Markov forms

Figure 3.7: Relations between regular Markov sequences, matrices, and forms.

Proposition 3.3.14. Let p and v be even length sequences of positive integers.

Then )
Ihy (go (M/u Mu)) = Q@(u, V)?

q)il (g9(fu7 fv)) = g@(/vl’v V)’
In particular, the maps I' and ® are graph isomorphisms, with inverses I'™! and

&~ respectively.

Corollary 3.3.15. In particular, we have in the case for regular Markov matrices,

forms, and sequences that

I (Ge(May, M) = Ga((1,1),(2,2)),
o1 (ge (f(1,1), f(2,2))) = Q@((l, 1), (2, 2))

From this corollary we have the diagram in Figure |3.7] showing the inverse

maps ['"! and 1.

Lemma 3.3.16. Let p and v be even length sequences of positive integers. Let
v = (Ma, Mag,Mﬁ), with a = (ay,...,a,) and 8 = (by,...,by), be the triple at
some vertex in G, (Mu, Ml,). Then

e(v) = (a,ap,B).
For any a = (ay,...,a,) in any vertex of Gg(u, v) we have that
fOZ(x?y) - fMa(ny)'

Proof. We have that

E(M;) = 0

(0s) - |
Furthermore, we have by definition that
fua(,y) = K77 (@)2® + (K7 (o) = K37 a))zy — K3 (a)y”.
This completes the proof. [ ]
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We can now prove Proposition [3.3.14]

Proof of Proposition|3.3.14. Note that the equality
q)il (g9(fu7 fl/)) = g@(ﬂv V)

follows from the definition of general reduced Markov forms.

For the other equality we use induction. We have that

e(My, My, M,) = (, pv, v)

by inspection. This is the base of induction.
Assume ¢(v) = («, af, B) for some vertex v = (Ma, M.z, Mﬁ) in G, (MM, Mu).

We show that
€(Ma, Maaﬁa Ma,@) = (CY, CYO(B, Oéﬁ)a

e(Mag, Maps, M) = (a3, a3B, B).
Both equalities follow directly from Lemma [3.3.16| This proves the induction.
|
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Regular I' Regular reduced

P

<&

Markov sequences - -1 Markov matrices

B T o

Regular reduced

Markov forms

Figure 3.8: Relations between regular Markov sequences, matrices, and forms.

3.4 Diagram of Classical Markov theory

We expand upon the diagram in Figure relating regular Markov sequences,
regular reduced Markov matrices, and regular reduced Markov forms.

Recall the map X from Subsection [3.2.1] and the maps A and T from Sub-
section [3.2.4] These relate Markov sequences, matrices, and forms to regular
Markov numbers. In Subsection we define maps W, for i € {1,2,3,4}, from
graphs of regular Markov numbers, matrices, forms, and sequences to the Markov
spectrum, completing the diagram in Figures and [3.10]

In Subsection [3.4.2] we simplify the Perron identity for periodic sequences. By
using a Markov sequence § we remove the need to evaluate the supremum of the
set of values B
sup {[(0:)] + [0; (3:)] | i € Z},
where 9; is the i-th cyclic shift of §. The Perron identity is instead simply given
by B
[(9)] + [0; (0))-
While this result is known at least since Frobenius [38], it is worth writing in

detail since, in later chapters, the result is extended to any sequence contained

Regular I’ _ Regular reduced

>

<

Markov sequences -1 Markov matrices

P U o

Regular reduced

X T

Markov forms

A

Markov numbers Us

\114‘ v

Markov spectrum

v \112

|
i

Figure 3.9: The classical structure of Markov theory.
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e ((1,1),(2,2)) |3 F1:1 = Ge(Ma, Mezz)
Now | oof
X o (a1 f22)) T
|A1
Uy i Gs(1,5,2) £
v ‘1’21 Wy v

Markov spectrum below 3

Figure 3.10: The classical structure of Markov theory.

in a Markov graph (see Subsection for details).

In Subsection [3.4.3| we show that inverse maps to X, A, and T exist if and only

if the uniqueness conjecture holds for regular Markov numbers.

3.4.1 Markov spectrum maps

In this subsection we define maps between graphs of regular Markov numbers,

matrices, forms, and sequences with the Markov spectrum. We begin with a

definition.

Definition 3.4.1.

(4)

Define the map p; acting on vertices of a graph Gg(u, v) by

V(&) + K57(6)) — 4

pl(aaéa ﬁ) = Knil(é) )
1

where 6 = (dy,...,d,) and n > 2.
Define the map W, taking Gg(u, ) to a subset of R where the triples v at
vertices are mapped to p;(v). Denote this subset of R by ¥ (g@(p, 1/))

Define the map py acting on vertices of a graph G, ( fuus f,,) by

po(far 5, f5) = VAU
m(fs)

Define the map W, taking Gy(f,, f.) to a subset of R where the triples v at
vertices are mapped to pa(v). Denote this subset of R by W, (Qg(fu, f,,)).
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(i) Define the map p3 acting on vertices of a graph G, (M,,, M,) by

tI‘(Mg)Q —4

p3(MaaM(5aM ) -
’ (M)

Define the map V3 taking G, (Mu, Ml,) to a subset of R where the triples v at
vertices are mapped to p3(v). Denote this subset of R by W3 (g. (M#, My))

(iv) Define the map p4 acting on vertices of a graph Gs(z,y, z) by

/ 2 _
p4((l, Qa b) = %

Define the map W, taking Gs(z,y, z) to a subset of R where the triples v

at vertices are mapped to p4(v).

Proposition 3.4.2. Denote the Markov spectrum below 3 by M3. Then

U4(Gx(1,5,2)) = Mg,

U1 (Gs((1,1),(2,2))) = M,
U2 (Go(fir1), fo)) = Mas,
U3(Ge (M1,1), M22))) = M.

Lemma 3.4.3. For a sequence o = (a1, ..., a,) in any vertex of Gg ((1,1), (2,2))
with n > 2 we have that

K2 (a?)

W = 3K} (a).

Proof. Since the subsequence (as, ..., a,_2) is symmetric we have that

K 2(a)=K(1,1,as,...,a,_2) = K(2,as,...,an_2) = K(as,...,ay_2,2).

Hence o
T =K
= 2K (o) + K *(a) + K3 ()
= 2K(a) + K37 (a) + K37 ()
= 3K (a).
This completes the proof. [ |

Lemma 3.4.4. For i € {1,2,3} each ¥; may be written in the following way

U1 (Ge((1,1),(2,2))) = ¥y0 X (Gs((1,1),(2,2))),
s (Go(fanys fe2)) = Va0 AMGo(fany: freo)),
U3 (Ge(M1,1), M2g))) = Wa 0 T(Ge (M), Mi2))).-
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Proof. We show the following equalities:

pl(av(saﬁ) = p4( ( )7[“(( ) f(( ))
pa(fas 5, f58) = pa(fa(1,0), f5(1,0), f5(1,0)),
p3(Mo, Ms, M) = pa(v(Ma), v(Ms), v(Mp)).

From the result in Lemma we have for § = (dy, ..., d,), a regular Markov
sequence, that
K}(8) + K37'(6) = 3K(0).

For p; we then have

For p, we have

p?(fa:féafﬁ) =

f5(1,0)
_ V9f5(1,0)2 — 4
f5(1,0)
= P4(fa(1,0)a f5(1,0), fﬂ(lao))'

For p3 we have

w(M,)? — 4
v(Ms)

VER0) + 37(6))" 4

- v(Ms)

= pa(v(Ma),v(Ms), v(Mp)).

p3(Mey, Ms, Mg) =

The result then follows from the previous three equalities. [ |

Proof of Proposition[3.4.9 Markov’s theorem says that
\Ij4<g2(]-> 57 2)) = M<3-
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Combining this with Lemma we have that
Vi(Ge((1,1),(2,2))) = W40 X (Gs((1,1).(2,2)))
= W4(Gx(1,5,2)) = M3,
\1’2(g0(f(1,1)7f(2,2))) =y OA(g ( 1,1) f(22 ))
= Wy(Gx(1,5,2)) = M3,
W5 (Ge (M1,1), M22))) = Wa 0 T (Ge( M1 1), Mia2))
=0, (Gx(1,5,2)) = M<3

We relate the map W, to the uniqueness conjecture with the following propo-

sition.

Proposition 3.4.5. If U, is injective then the uniqueness conjecture for Markov

numbers s true.
Proof. 1If W, is injective then there exists an inverse map

‘1121 : M<3 — gg(l, 5,2),

taking single elements of M _3 to triples of Markov numbers. Hence the central

element of each Markov vertex must uniquely define the triple. In other words,

if (a,@,b) and (¢, @, d) are Markov triples, then

@4(&,@,()) = M = \IJ4(C7Q,CZ),

Q
and so
[ V/9Q? —4
(a’7 Qa b) = \114 ! (T) = (Cv Q7 d)
Hence the triples are unique. [ |

3.4.2 Perron identity for Markov sequences

We can now simplify the Perron identity for Markov sequences. We start by

defining notation for the identity.
Definition 3.4.6. For a bi-infinite sequence of positive integers a = (a;)>,, let
Pla) = sug{[ai; Qg1 - F[05ai1 s ai—o . ]}
i€

For a finite sequence 8 = (b;)}" let

P(B)= sup {[(bi;-- :bpm bz b)) {05 (biy sty b b))
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By using a Markov sequence ¢ defined in the graph Gg(u, ) we remove the

need to find the supremum of the set
{[ai;ai+1 U I (V7 PR PR ]}

to work out the value of the Perron identity.

Recall the map p; acting on triples of Markov sequences («, d, ) by

VR 0) + K37(6))" 4

pl(a75a ﬁ) = Knil(d) )
1

where § = (dy,...,d,) and n > 2. We define an alternate map for triples of

Markov sequences.

Definition 3.4.7. Define a map pj taking triples of sequences at the vertices in
Ge (1, V) to R by the relation

pila,0,8) = [(9)] +
We show the equivalence of the maps p; and pj.

Proposition 3.4.8. For a triple of Markov sequences («, 0, ) at a vertex of

Ge (11, v) we have that
101(@7 57 B) = ,OT(OJ, 57 5)

Proof. Let § = (ay,...,a,) with n even and n > 1. The value [(5)} is the positive

solution to the equation
K77H0)a® + (K371(0) — K7'(9))x — K3 (0) = 0.
The value [(§)] is the positive solution to the equation

K3 (0)a” + (K571(0) = K7'(8))x — K77'(6) = 0.

Let
A(0) = (K7 (6) + K371(9))" — 4,
b= K7 (6) — K5~ '(6),
D = 4K (§)K!(6).
Then

pila,0,8) = [(9)] +
b+ \/ 2K”(5)
TORKT0)  be VA()
_ [P+ AG) + D+ 2b/A(S) (b - A(é))
26771(0) (v + VAD) ) \b—VAD)
b0 = A(8) + D) + (1> — A@S) — D) \/A(D)
B 2K77(0) (0 — A(9)) '
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In the third equality we multiply by the value

b—+/A(6)

b— /A(0)
to remove the square root in the denominator. Note that

b — A(6) = (K7(0) = K37'(9))" = (KT(8) + K37'(5))" +4
= —A4KMOKI(6) +4

=-D,
since n is even. Hence
(0,0, ) = b(—D+ D)+ (=D — D)\/A(9)
S 2K771(8)(—D)

B —2D+\/A(9)

~ —2DK"1(6)

~ VA(()

- K7(0)

= p1 (Oé, 67 6)
This completes the proof. [ |

From this proposition and the result in Proposition |3.4.2| we have the proof

of the following proposition.

Proposition 3.4.9. For a sequence 6 in any vertex of Q@((l, 1), (2, 2)) we have
that
P®) = [(5)] +[0: )

We finish this subsection by collecting the results of Propositions|3.2.7], [3.2.20]
3.2.31), [3.3.7 13.3.14], and [3.4.2] and Corollaries [3.2.36| and [3.2.41] together in the

following theorem.

Theorem 3.4.10. We have that

T(Ge (1, v)) = Go (M, M,),
L7 (G (M, My)) = Go(p,v), A(Go(firny, freo)) = G2(1,5,2),
®(Go (1, v)) = Go (fur 1)+ T (Ge(M11), M22))) = Gx(1,5,2),
(I)_l(g‘) fﬂ’fl')) = Ga (1, v), qjl(Q@((Ll)v (2,2))) = Ms,
Q(g‘(MN’MV)) = g@(fmfu : WQ(ge(f(l,l);f(z,z))) = M_s,
Q(Go(fus £)) = Gu(M,, M,), U3 (Ga(My1), Ma))) = Mos,
U4(Gx(1,5,2)) = M.
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3.4.3 Partial inverse of Markov number maps

Recall Proposition that says that there is an inverse map to A if and only
if the uniqueness conjecture holds. The graphs g@((l, 1), (2, 2)), Go (f(m), f(z,z)),
and G, (M(Ll),M(m)) are graph isomorphic. Hence the maps X and T have
inverses if and only if the uniqueness conjecture holds.

In this short subsection we see that there are maps taking triples of Markov
numbers (a, @, b) to the regular Markov sequence, regular reduced Markov form,

and regular reduced Markov matrix associated with the Markov number Q).

Statement 3.4.11 (Markov numbers to regular reduced Markov forms). The
definition of Markov forms in Markov’s theorem (Theorem defines a map
taking triples (a,@,b) in vertices of Gs(1,5,2) to the Markov form fq_ ,(z,y).
This may be described as a map from a graph to the set of Markov forms.

After an appropriate SL(2, Z) transformation (as defined in Proposition|[3.2.33)
we turn this Markov form fq, , into a regular reduced Markov form, which we
denote by f.

Statement 3.4.12 (Markov numbers to regular Markov sequences). From Corol-
lary [3.3.12| we know that the quadratic f(z,1) decomposes into

f(x,1) = K(a) (x = [05 (e)]) (z + [(@)])-

for some finite sequence of positive integers o. Then the regular Markov sequence
of f is a.
Hence there exists a map taking a triple of regular Markov numbers (a, @, b)

to the regular Markov sequence associated with Q).

Statement 3.4.13 (Markov numbers to regular reduced Markov matrices). From
the regular Markov sequence a we get the regular Markov matrix M, through
direct computation. Hence we have a map taking a triple of regular Markov

numbers (a, @, b) to the regular reduced Markov matrix associated with Q.
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Chapter 4
General Markov numbers

In this chapter we present an extension to the theory of Markov numbers. Various
other extensions have been proposed. Many are based on variations of the Markov

Diophantine equation
2?22 = 3ayz.

In particular we mention the work of S. Perrine [74], and the subsequent work by
T. Cusick [27]. These works deal with finite sequences arising from the study of

solutions of generalised Diophantine equations
2 + % 4 2% = dayz — na,
for n a positive integer. A. Baragar [4] [6] studied solutions of the equation

2 2
r+...+x,=ary - Ty,

for positive integers a and n.
We take a different approach here. We define graphs of sequences from which
we generate graphs of matrices, forms, and numbers, all of which share relations

similar to the regular case in Chapter [3

In Section we define Markov graphs. These are graphs Gg (i, v) that have
the property that any form f in any vertex of F(Q@(u, 1/)) attains its Markov

minimum at the point (1,0).

To check whether a graph is Markov or not requires knowing about the Markov
minima of all forms in F(g@(,u, V)) We introduce conditions that allow us to
easily check the Markov minima for certain sequences p and v in Theorems
and [4.1.27) introduced in the papers [55] and [94] respectively. Due to its length,
we prove Theorem in its own section, Section [4.2]

We define graphs of general reduced Markov forms, general reduced Markov ma-
trices, and general Markov numbers in Section [4.3] We present Theorem [4.3.4]
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specifying all reduced matrices in the equivalence classes defined by periodic LLS

sequemnces.

In Section {4.4] we relate the graphs of general reduced Markov matrices, forms,

and general Markov sequences to the Markov spectrum.
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4.1 General Markov theory

In this section we extend the theory of Markov numbers. We define triple graphs
of sequences with similar properties to the graph of regular Markov sequences.
We then use the maps between graphs defined in Chapter [3| to generate graphs
of forms, matrices, and numbers.

As seen in Chapter [ LLS sequences of forms are SL(2, Z) invariant, whereas
forms and matrices are not. For this reason we base our extension of Markov
numbers on sequences. We start in Subsection by finding conditions on
sequences 4 and v such that every form f in every vertex of the graph F(Q@(u, y))

satisfies
m(f) = f(1,0).
We call such a graph Gg (1, v) a Markov graph. We derive the necessary conditions
in Theorem B.1.14 and Theorem in Subsections 4.1.2] and [4.1.3
For sequences p and v, recall the definitions from Chapter [3| of the triple
graphs Gg (1, V), G (M#, M,,), and G, (fu, fl,). Recall also that the maps I', ®,

and € are bijections, with inverses I''1, &~ and Q.

4.1.1 Markov graphs

In this subsection we define special graphs of sequences called Markov graphs.
This definition generalises the properties of regular Markov sequences.

We need some precursory definitions.

Definition 4.1.1. Let « be a finite sequence of integers. We call the infinite

sequence whose period is «
aaq. ..

the periodisation of «, and denote it by
{a).
We define an ordering of sequences.

Definition 4.1.2. Let a = (a;)$2;, and 5 = (b;):2; be infinite sequences of real

numbers. We write
a=-

if there is some positive integer n such that a; =b; fort=1,...,n—1 and

{an > b, mnisodd,

a, < b, niseven.
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Let the periodisation of finite sequences « and [ be

(a) = (ai)iZy,
<5> = (bz)fil
We write

() <(B)
if (a)i2; < (B)Z;-
Definition 4.1.3. Let a = (aq, ..., ag,).

(i) We call a evenly palindromic if there is some ¢ € {1,...,2n} such that the

cyclic shift «; is palindromic, i.e.

ai:(Ozi,...,an,al,...,ai_l) = (ai_l,...,al,an,...,ai):071-.

(7i) If there exists some even sequence [ such that
a=08fd...00

then we call a evenly composite. If a is not evenly composite then we call

it evenly prime.
Now we have the definition of Markov graphs.

Definition 4.1.4. Let p and v be evenly-prime sequences of integers. We call

Go(p, v) an almost Markov graph if the following two conditions hold.
o (1) < (v) and (7) < (7).
e The forms f, and f, attain their Markov minima at (1,0).

We call Gg(u,v) a Markov graph if the two previous conditions hold as well as
the following.

e Every sequence in every triple of Gg(p, V) is evenly palindromic.

Definition 4.1.5. Let Gg (i, v) be an almost Markov graph. Let « be a sequence
in any vertex of Gg (i, v). Then we call o an almost Markov sequence.
Let G4 (1, v) be a Markov graph. Let « be a sequence in any vertex of Gg (1, v/).

Then we call « a general Markov sequence.

Definition 4.1.6. Let a = (a4, ..., a,) be a sequence in some vertex of a Markov

graph Gg (i, v). Recall the definition of a form associated with « as
falw,y) = K¥™He)a® + (K7'(a) — K37 () zy — K3 (a)y™.

We call the graph ®(Gg(u,v)) = Go(fu. fo) a graph of general reduced Markov
forms. We call any form f, in any vertex of Gy ( fus fl,) a general reduced Markov

form.
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Recall Proposition [2.2.34] that says the Markov minimum of a form given by

a sequence « is the minimum of the set
{K(ew)|i=0,....]a] -1},
where «; is the ¢-th circular shift of a.

Example 45. We give some examples of almost Markov graphs. We look at the

conditions for the following sequences.

a1 = (17 1) Bl = (]-7 17272)a
as = (a,a) fa = (b,b), for a < b positive integers,
Qs = (4,4,4,1,2,2,1,4) By = (11,11,11,1,2,2,1,11),

as = (3,3,2,1,3,3) By =(5,5,1,2,5,5).
For ai; and 37 we have for the extended sequences
Oj% - (17 17 17 1) = (17 1a 2a 2) = 617

a_lz (171) < (272a171) = Bl-
Also

K(1,1)=1, K(1,1,2,2)=5, K(2,1,1,2)=5,
K(2,2,1,1) =7, K(1,2,2,1)=T.
Hence Gg(aq, B1) is an almost Markov graph.

The first two conditions are clear for ap and fs, so Gg (e, (o) is also an almost
Markov graph. In fact, for any non positive integers m and n the sequences (a, a)™
and (b,b)" also satisfy the conditions of an almost Markov graph.

We have as < 35 and a3 < 35 since 4 < 11. Let MIN(«) be the set of numbers
K (o) for all circular shifts of a. Then

MIN (ai3) = {839, 1300, 2495, 931},
MIN(;) = {14384, 52024, 111800, 15176}
Since K(a3) = 839 and K(f;) = 14384 we have that Gg(as, 83) is an almost
Markov graph.
Finally consider a4 and (4. Clearly ay < (4, but
MIN(ay) = {121,119, 142, 251, 109, 122},
MIN(B,) = {472,431, 1537, 836, 457, 471},
while K (o) = 122 > 109 and K(84) = 471 > 431, s0 G (s, B4) is not an almost
Markov graph.

Remark 4.1.7. Since Gg(ay, B4) is not an almost Markov graph it cannot be
a Markov graph. We will see in Example that while both Gg (o, 51) and
Ga(as, f3) are almost Markov, they are not Markov graphs. However, Gg (a2, (o)

is Markov.

Remark 4.1.8. Note that the first condition of Definition [4.1.4]is easy to check.
For the remainder of this section we simplify the second and third conditions,

leaving us only to check simple results for the constructing sequences in a graph.
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4.1.2 Minimum condition

We show that the second condition of Definition [4.1.4] reduces to showing that
forms f, and f, attain their Markov minima at (1,0). This result is in Theo-
rem and was proven in the paper by O. Karpenkov and M. van Son [55].
Recall that for every regular reduced Markov form f, the minimal value is the
associated Markov number Q = K (a). Moreover, the minimal value of the form
is attained at (1,0). We start by defining reduced forms, and relating them to

reduced matrices. Recall a matrix
(e )
in SL(2,Z) is reduced if 0 < a < ¢ < d. The form associated with M is
fau(z,y) = e + (d — a) — by*.
Since ad — bc = 1 we have
(a —d)* 4 4bc = (a + d)* — 4,

and in this case we have by factoring that

fM(L?J)_( <d—a— (a+d)2—4) >< (d—a—i—W) )
. (v~ Tl \y— 5% x|,

—b 2b
Definition 4.1.9. We call a form f reduced if
f(z,y) = cly — rz)(y — ra)

for some real numbers ¢ # 0, r; > 1, and —1 < ry < 0.

w2

be a reduced SL(2,7Z) matriz with a > 0. Then the form fy; is reduced.

Proposition 4.1.10. Let

Proof. Let A=d—a and B = (a + d)? — 4. Note that A > 0 and B > 0. We
show that

A++VB
2—b > 1, (41)
and
1<AZYB (4.2)

2b
For Equation (4.2)) we show that A? < B. We have

A% +4dad —4 = a®> + d® + 2ad — 4 = B.
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Since 4ad — 4 > 0 we have
A—+B -
2b
By definition we have that 0 < a < ¢ < d and ad — bc = 1. Hence b > 0. Also

a(d — ¢) > 1. Hence

0.

ac+ c? < dc+ad — 1 = de + be.

From this we have that d —a + b > ¢, and so, since b > 0, we have
b(d — a) + b* > be,
4b(d — a) + 4b* > 4bc = 4ad — 4,
—2ad + 4b(d — a) + 4b*> > 2ad — 4,
a® + d* — 2ad + 4b(d — a) + 4b* > a® + d* + 2ad — 4,
(d—a)® +4b(d — a) + 4b* > (a +d)* — 4,
(A—20)*> VB .

From this we have

A—+vVB>—2b

and so Equation (4.2) holds.
For Equation (4.1)) we show that

A+ B > 2b.

If A > 2b then this holds, else we show that

B > (2b — A)?* = 4b® + 4ba + a® + d* — 4bd — 2ad
a? + d* + 2ad — 4 > 4b* + 4ba + a® + d* — 4bd — 2ad.

This inequality holds if and only if

2ad + 4bd 4 2ad > 4 + 4b* + 4ba
ad +bd > b* +ba+ 1
be+14bd > b* +ba + 1
c+d>b+a.

Since ad — bc = 1 we have that this inequality is equivalent to

d—1
c+d>a

+a
c

A +ced>ad+ ac— 1.

This inequality holds since ¢ > a.
|

Corollary 4.1.11. Let a = (ay,...,a,) be a general Markov sequence. The

matrix associated with « is

o= (ki) o)
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The associated general reduced Markov form
fala,y) = K77 a)2® + (K7'(@) = K37 (a))ay — K3 (a)y?
is reduced.
This follows since the matrix M is reduced with tr(M) = 1 and K} *(a) > 0.

Definition 4.1.12. Let a and b be real numbers. Let g, be the form defined by

the equation
ap = (z — ay)(z — by).

Denote the cone defined by x — ay > 0 and x — by > 0 by
Ut

Denote the cone defined by x — ay < 0 and x — by > 0 by
Ut

We use the following notation. For a finite sequence u we denote the pair of

infinite continued fractions [0; (1)] and —[(@z)] by

Example 46. Figure [4.1] shows the sails and cones of

p=(1,1) and pv = (1,1, 10, 10)

for y > 0. This gives a visualisation of Uj[ffﬁm and Uﬁfﬁ”m for the forms gy
and gi((u)))-

Lemma 4.1.13. Note that if (u) < (v) then
o e~

The following important theorem is proven by O. Karpenkov and M. van Son
in [55].

Theorem 4.1.14. Let i and v be two evenly-prime sequences of integers. Assume
that

o () < (v) and (m) < (7);

o The global minimum of gy at non zero-integer points of the cone UJ[ffﬁm
is attained at (1,0).

o The global minimum of gy at non zero-integer points of the cone Uﬁfim
is attained at (1,0).
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O 0,

Figure 4.1: The left figure shows the sails for p = (1,1) and pr = (1,1, 10, 10).
The right figure shows the corresponding cones for y > 0.

Then the global minimum of gy )y at non-zero integer points of the cone
Uﬁfﬁ”m is attained at (1,0).
This global minimum is the unique global minimum on the sail for gy uwy)) up

to lattice preserving translations of the sail.

To prove this theorem we need the following two lemmas and corollary, all

proved in our joint paper with O. Karpenkov [55].

Lemma 4.1.15. Let a and b be real numbers. Let v = (z,y) be a point in the
region Ui’fjr, and let € be a positive real number. Then the following inequalities
hold.

(i) If y > 0 then
ga+s,b<v) < ga,’?(”)
ga,b-&-e(v) < ga,b(v)

(i) If y < 0 then
{ga+5,b<v> > Gap(v)

ga,b+8 (U) > ga,b (U>

(7i) If y = 0 then
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Proof. Consider v = (z,y) € Ui’f;, and € > 0. We have
Jares(,Y) = Gap(2,y) = —ey(x — by).

The sign of this expression is opposite to the sign of y since x—by > 0 for every
point of the region Uiljr and € > 0. Therefore if y > 0 then the difference is
negative, and hence go1c5(v) < gap(v).

All the other three cases of (i) and (i) are analogous.

Item (27) is trivial. [ |

Lemma 4.1.16. Let aq, as, by, and bz be the real numbers defined by the infinite

continued fractions

alz[o§p13p23---]a
a2:[0;q1:q2:...],
by =—[r1:ry:.. ],
by = —[s1:89:...].

Let (p)22, < ()22, and (r)22; < (s)%°;. Let v = (z,y) be a point in the

n=1-"
Intersection
a,by az,ba
U€U+7+ ﬂU+7+ .

Then the following equality holds:
Sign (Jar.b1 (V) = Gaz.5o(v)) = sign(y).

Proof. Since (p)i2, < (q)22, we have that a; > ay. Also, since (1)22, < (s)2

n=1

we have that b; > by. Then the proposition follows as a direct corollary of
Lemma applied twice. [ |

Corollary 4.1.17. Let p and v be evenly-prime sequences of integers. Assume
that (u) < (v) and () < (D).

(a) Consider a point v in the cone Uﬁfﬁm. Note that
Ut nae (=),
by Lemma {4.1.13] Then
sign (g1 (v) = g (v)) = sign(y).
(b) Consider a point v in the cone Uﬁfﬁ”m. Note that
e utnul (~ole),
by Lemma 4.1.13] Then
sign (911 (v) = gl (v)) = —sign(y).
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Figure 4.2: Stitching the sails of 1 and v together to get the sail of uv.

This corollary follows directly from Lemma [4.1.16, Now we prove Theo-

rem L1141

Proof of Theorem[{.1.1f] We show that the minimum of the form g,y in the

cone Uﬁfﬁ”m is attained at (1,0).

1. Consider the sail of g,y in the region Ugfﬁ”m. Note that (1,0) is a vertex

of this sail. Note also that every period of this sail contains at least one
vertex at which gy is minimal (by Corollary [2.2.30)).

The LLS sequence of this sail is made up of repeating periods pv in the
y > 0 region, and 7p in the y < 0 region, which intersect at the vertex
(1,0). We consider the period of the sail containing the point (1,0) as a
vertex, and with LLS sequence vu as illustrated in Figure Denote this
period of the sail by [7, ul.

Let (x,y) # (1,0) be a vertex on the period of the sail [7, u] with y > 0.
Then

91 (1, 0) = g (1,0) < g (T y) < g (2, y)-

The first equality holds by definition of the forms g. The second inequality
holds by the assumption that the global minimum of gj() (1, 0) in the cone
UJ[r(’(ﬁm is attained at (1,0). The third inequality holds by Corollary [4.1.17]
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4. By similar arguments we have for a vertex (z,y) # (1,0) on the period of
the sail [7, pu] with y < 0 that

91 (1,0) = g (L, 0) < guem(,y) < guguy (T, y)-

Hence the global minimum of g in the cone Uﬁfﬁym is attained at (1,0).
|

Corollary 4.1.18. The graph G ((1,1),(2,2)) is almost Markov.

Example 47. Let a = (1,1,2,3) and 3 = (7,4). Clearly o < 8 and @ < 3. The
forms f,, fs, and f,s are given by
fo(z,y) = 52* + lday — 1097,
fola,y) = Ta* + 28xy — 4y,
fap(m,y) = 1242% + 4407y — 302y°.
The values that the form f, attains at the vertices of its sail that contains the

vertex (1,0) are }
{K(a;) | i0dd} = {5,9},

and the values attained at the vertices of the dual sail are
{f((ai) | i even} = {—10, —7}.

Hence the minimal value that f, attains at integer points in the cone UJ[f,(ffm is

£a(1,0) = 5.

Similarly, the minimal value that fs attains at integer points in the cone Uﬁffm

is
fa(1,0)=7.

Theorem {4.1.14]says that the minimal value the form f,z attains at integer points

in the cone UYS7 i

Fas(1,0) = 124.
Indeed, we have that
{f(((aﬁ)i) K odd} — {124,262, 166).

Note however that the Markov minima of fz is not attained at the point (1,0),
or at any integer point in the cone UL{@”. Similarly, the Markov minima of fuz

is not attained at (1,0) either. In fact we have
M(fap) = |fas(—4,1)| = 78.

The question of when minimal value that a form f, can attain at integer
points of the cone Uﬁfﬁm is different to the maximal value attained at integer

points of the cone U[,<’<i>>] is the following.

119



120 CHAPTER 4. GENERAL MARKOV NUMBERS

Question. Do there exist sequences a and /3 satisfying o < 5 and @ < § and
m(fa) = fa<170>7
m(fs) = f5(1,0),
such that 5 §
min { K ((e3);) | i even} < min {K ((af);) | i odd}?

Clearly, if a sequence « is evenly palindromic then its form’s Markov minimum
m(fa) is attained at some vertex of the sails in both cones Uﬁfﬁm and U[_(fffm.
Whether an almost Markov sequence’s form fz can attain its Markov minimum

} is unknown to the author.

only at a vertex of the sail in the cone U[_<ff>>
Theorem says that the forms associated with the sequences in an almost
Markov graph have minimal positive value at (1,0). We present the following

corollary.

Corollary 4.1.19. Let x4 and v be two evenly-prime sequences of integers. As-

sume that

o (1) < (v) and (m) < (7);

e The global minimum of g at non zero integer points of the cone Uj[ffﬁm

is attained at (1,0).

e The global minimum of gy at non zero integer points of the cone UJ[ffim

is attained at (1,0).
e The sequence (uv) is evenly palindromic.

Then the global minimum of |gj((.y)| at non zero integer points is attained at
(1,0). This global minimum is the unique global minimum on the sail for g ()

up to lattice preserving translations of the sail.

Remark 4.1.20. Theorem says that we only need the forms f, and f, to
be minimal at (1,0), and (u) < (v) and (@) < (7), for every form f, in every
vertex of ®(Gg(p,v)) to have a minimum at (1,0) in the cone Ujff_fm. This
simplifies the task of checking whether a graph of sequences is almost Markov or

not.

Example 48. We give a simple example to illustrate the result in Theorem [4.1.14]
Let a = (5,3,3,5) and § = (7,1,1,7). Then Gg(p,v) is an almost Markov
graph (i.e. it satisfies the conditions of Theorem . Consider the sequence
§ = aafaf, which is contained in a vertex of Ge (1, v). The set of values K(5;)
for all circular shifts of §, denoted by MIN(6), is

MIN(§) = {41950502695, 41950506331, 58994258149,
59600592055, 59600797489, 92332302595,
92337714781, 92392956529, 160588595591, 160588597409} .
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The minimal value of this set coincides with K (0) = 41950502695, as the theorem

states.

4.1.3 Evenly-palindromic Markov graphs

The final condition of Definition for a graph Gg (i, v) to be Markov is that
each sequence in each vertex of the graph must be evenly palindromic. We show
in Theorem that this condition is fulfilled whenever the sequences p and v
are palindromic.

We give an alternate definition for the sequences in the graph Gg (p, v). First

we need the following ordering of vertices of the graph.

Definition 4.1.21. Let w; and ws be two vertices in a graph G(S, o, v) with

wy = LOMRI LR (v),
Wy = LPMRE L LERI (v),

for positive integers n, m, aq, ..., oy, B, ..., Bom satisfying

2n 2m
E ;= E ;.
=1 =1

We call £32»Ra2n—1 .. LIRS the Farey sequence of wy. Define an ordering of

vertices by

Wy <y Wo
if either
o; =0, fori=1,...,2k—1, k< m,n and Ba < agp, Or
o; = By, fori=1,...,2k, E<m,n and g1 < Pogii-

Definition 4.1.22. Let an ordered graph be the pair (G(S, o,v), <,) be the graph

G(S,0,v) where each level n is ordered

Wy <y Wy <y ... <y Wan.

Example 49. Figure shows the ordering of the first four levels of a triple
graph. The vertices are labelled with pairs of numbers, the number in black
denoting the level, and the number in red denoting the order of the vertex within
the level
In an ordered graph G(S, 0, v) we have L} (v) <, RL(v). In the ordered graph

Go((1,1),(2,2)), for the vertices

w = (L1, (1L11,1,1,1,2,2),(1,1,1,1,2,2)),

wy = ((1,1,2,2),(1,1,2,2,1,1,2,2,2,2),(1,1,2,2,2,2)),

we have that w; = L2 (v)R)(v) and wy = L (v)RE(v). Hence wy <, wo.
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(2,2)

(1,1)

(4,2)
(3,1) <(471)

Figure 4.3: A triple graph with the level of the vertices written in black, and
ordering within the level in red.

Remark 4.1.23. Here and below we assume that any graph G(.S,0,v) has the

ordering of Definition |4.1.22]

Definition 4.1.24. For two sequences u and v define the function S,,(u, v) by
SO(M’V) = K, Sl(uay) =V SQ(M’V) =pov,

and forn > 1and 1 <7 < 2" ! let Syn-1,;(i, v) be the central element of the i-th
vertex in the n-th level of the ordered graph (Gg(p, v), <. ). We call (S;(i, v))

the ordered Markov sequences for p and v.

120

Next we define Stern’s diatomic sequence.
Definition 4.1.25. Let dy = 0 and d; = 1, and for all positive integers n > 1 let
dop = dp,  doy1 = dp+d, 1.
The sequence (d,,),>o is called Stern’s diatomic sequence.
Example 50. Let n = 15. Then
Sa((1,1),(2,2)) = (1,1,2,2,2,2,1,1,2,2,2,2,2,2).

Also
d,=ds+d;=1+ds+dy=2+d; +dy =4.
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Table 4.1: The first 17 regular Markov sequences with d,,.

_, (1,1) (1,1,2,2) (2,2)
"= dy =0 dy =1 dy =1
o, (1,1,1,1,2,2) (1,1,2,2,2,2)
dy =2 dy=1
(1,1,1,1,1,1,2,2) (1,1)(1,1,2,2)? (1,1,2,2)2(2,2)
03 ds =4 de = 2 d; =3
(1,1,2,2,2,2,2,2)
dg = 1
(1,1)%(2,2) (L,1)(1,1,1,1,2,2)*  (1,1,1,1,2,2)%(1,1,2,2)
d9:4 d10:3 d11:5
aoq|  (LDE1,2,2)° (1,1,2,2)%(2,2) (1,1,2,2)(1,1,2,2,2,2)?
dig =2 diz =05 diy =3
(1,1,2,2,2,2)%(2,2) (1,1)(2,2)*
dis =4 dig =1

Definition 4.1.26. Let A = (Aq,..., \,,) for some positive m. Define the half
sequences |A] and [A] by

LAl = (As-o s Apmy2g) and [A] = (Apmy21, -5 Am)-

We present a theorem that shows if two sequences p and v with even length
are palindromic, then every sequence in every vertex of a graph Gg(u, v) is evenly

palindromic.

Theorem 4.1.27. Let i and v be two palindromic sequences of positive integers.

Let n be a positive integer. Let A; € {u, v} such that

Sn(,u, V) = Al e AN7

where N s a positive integer. Then the following sequences are palindromic

A2 Ce AN—la and
Adn/2+1Adn/2+2 .. ANA1 . Adn/Qa dn even,
[A[dn/Q]-IA[dn/Q]—i-l e ANA1 .. ~A(dn/2]—l LAfdn/Q]Ja dn Odd

We postpone the proof of this theorem until Section [4.2]
Corollary 4.1.28. The graph G ((1,1),(2,2)) is Markov.

Example 51. Tablecompares Sn((l, 1), (2, 2)) and d,, forn=1,...,16. The
sequences are arranged by their levels in the graph Gg, ((1, 1), (2, 2)), and only the
central sequences of each vertex are included, not the vertices themselves (except

for the first level, where all sequences are shown).
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According to Theorem [4.1.27, each sequence Sn((l, 1), (2,2)) will be palin-
dromic after d, circular shifts, since the sequences (1,1) and (2,2) both have

length 2. Take for example the sequences
a=57((1,1),(2,2)) and 8= 511((1,1),(2,2)).
Applying d; = 3 and dy; = 5 circular shifts we get

=(1,1,2,2,1,1,2,2,2,2),

YTy

Qg = (2a ]-7 17 27 2a 27 27 17 ]-a 2)7
which is palindromic, and

g=(1,1,1,1,2,2,1,1,1,1,2,2,1,1,2,2),

Y)Y ) ) E Ey) Sy Ty Ty Ty S S ) Ty )

Bs=1(2,1,1,1,1,2,2,1,1,2,2,1,1,1,1,2),
which is also palindromic.

Example 52. Recall the sequences from Example 45}

a; = (1,1), =(1,1,2,2),

ay = (a,a), = (b, ) fora <beZy,
s = (4,4,4,1,2,2,1,4), By =(11,11,11,1,2,2,1,11),
ar=(3,3,21,3,3), — (5,5,1,2,5,5).

The graph Gg(aw, 52) is a Markov graph since both ay and (2 are palindromic.
The graph Gg (a1, 1) is not a Markov graph as f; is not palindromic. However
we can take a circular shift of #; which is palindromic, and also has the same
value as K(ﬁl). Hence Q@((l, 1),(2,1,1, 2)) is a Markov graph.
Although we can take cyclic shifts of both a3 and (3 that are palindromic,
these cyclic shifts do not give the Markov minima. Hence we cannot make a

Markov graph from any circular shifts of a3 or fs.

Remark 4.1.29. Theorem and Theorem together allow us to create
Markov graphs Gg (11, v) by placing simple conditions on the sequences p and v.
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4.2 Proof of Theorem 4.1.27

Palindromic Markov sequences

In this section we prove Theorem [£.1.27] This will be an expanded version of the
proof found in the paper by the author [94].

The theorem is a statement on Markov sequences. A Markov sequence in
a Markov graph Gg(u,v) may be thought of as a finite word over an alphabet
{p,v}. For instance Sg(u,v) = ppuvpr. Words of this type were first studied
by E. B. Christoffel [19] in 1873, and so are sometimes referred to as Christoffel
words.

These words were related to Markov numbers by H. Cohn [20} 22], and also
A. Glen et al. [41]. The combinatorics of these words have been studied in the
following papers [34], [8 11} 12, 9] [79]. Another resource on Christoffel words is
by C. Kassell and C. Reutenauer [50].

The proof of Markov’s theorem (Theorem involves infinite analogues
of Markov sequences called Sturmian words. These words have been studied in
relation to Markov sequences, palindromic sequences, and the uniqueness conjec-
ture [35, [78, 40, 13].

We show in Theorem that Markov sequences are palindromic after a

number of cyclic shifts.

Example 53. For a Markov graph Gg(«, 5) we have that the cyclic shifts of the
Markov sequences
Se(a, B) = aafap
afafa
Sis(a, B) = aBBaBBs
papppap

that are palindromic.

The exact number of cyclic shifts required to make Markov sequences palin-
dromic is given by Stern’s diatomic sequence. A useful exposition of Stern’s
diatomic sequence may be found in the paper by I. Urbiha [93].

The statement of the Theorem appears new, but should not be too sur-
prising given the frequency at which palindromes appear in the study of Markov
numbers, and also that of the free group F,. Palindromicity relating to the free
group has been studied in the papers [73], 45, [7, [77]. Further work on palin-
dromicity in relation to Markov numbers and the continued fraction expansion of
quadratic irrationals may be found in [T}, (66, [68, [67].

In the proof of our theorem we use sequences similar to Fibonacci sequences.

We found these through sequence A022095 in [87]. Similar sequences appear in
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the works [65], 37, [33].
We start by recalling Definition [4.1.24 Let n and N be positive integers and
let A; € {u,v} fori=1,..., N be such that

Sn(,u, V) = A1 .. .AN.

Remark 4.2.1. Part 1 of Theorem 4.1.27] says that the word As... Ay_1 is
palindromic. Define the word S, (u,v) by doubling every A; in S, (u, V), so that

Sn(/l, V) = A1A1A2A2 N AN—lAN—lANAN~

—

Then S,,(u,v) is a sequence in some vertex of the graph Gg(uu,vv). But this
graph is the same as G ((11, 1), (v, v)), whose sequences have the same structure
as Gs((1,1),(2,2)). Recall that for any regular Markov sequence (by, ..., b,) we
have (b, ..., bm—2) = (bm_s, ..., bs). Hence we have that

AQ...ANfl :ANfl...Ag.

In Subsection 4.2.1f we introduce Proposition 4.2.2 which contains a weaker ver-
sion of the statement of Theorem that we use in the final proof. We develop
and prove Proposition which gives us an alternate, and more useful, nota-
tion for the sequences in the Markov graph Gg, ((1, 1), (2, 2))

In Subsection we state some technical lemmas for the proof of Proposi-
tion 4.2.2,

We develop the notational change of Subsection further in Subsection [4.2.3]
We show a construction of Markov sequences Sn((l, 1), (2, 2)) in terms of powers
Sm((l, 1), (2, 2))] @Sp((l, 1), (2, 2))k, for some positive integers m and p less than

n.
In Subsection 4.2.4 we prove Proposition [4.2.2

Finally, we prove Theorem [4.1.27]in Subsection [4.2.5

4.2.1 Alternative definition for S(n)

We first state Proposition [4.2.2| which serves as a basis for the proof of Theo-

rem Here and below we define the function S by S(n) = S,((1,1), (2,2)).

We develop alternative definitions of the sequences (S (n)) in Proposition m
We use the notation C;(«) to denote the i-th cyclic shift of the sequence «a.

Proposition 4.2.2. Every sequence S(i) is evenly palindromic. Moreover, we

have that the sequence

Ca, (S(1))

18 palindromic, where d; is the i-th element in Stern’s diatomic sequence.
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Example 54. S(7) = (1,1,2,2,1,1,2,2,2,2), and d; = 3. Then

03(5(7)) - (27 17 17 27 27 27 27 17 17 2)7
which is palindromic.

We define a sequence (a( j)) which we use to study the structure of the

§>0

sequences (S(7)).

Definition 4.2.3. Define a function a by a(1)=a(2)=1, and for all positive inte-

gers j > 2 by
a(27) = a(y), and a(2j—1) =j.

The sequence (a(j))j>0 is A003602 in [87]. Denote by a*(j) the function defined

0, if a(j)

) = {a(j), fali) > 1,

For the a(j)-th element in the sequence (S(n)), we write S(a(j)).

Example 55. The first 10 elements of (a(j)) and (d;) are given

(a())’ = (1,1,2,1,3,2,4,1,5,3),

(dj)5 =(0,1,1,2,1,3,2,3,1,4).

Remark 4.2.4. Let v be the vertex in the n-th level of the ordered graph
Go((1,1),(2,2)) whose central element is S(2"'+4i). Note that since the graph is
ordered we have that the central element of the vertex Lg(v) is S(2(2"'+i) —1),
and the central element of Rg (v) is S(2(2"!+i)).

We have a proposition on the growth of the sequence a(7).
Proposition 4.2.5. For j > 2 we have that 2j > a(j).

Proof. Assume j is odd, so j = 2k—1 for some positive integer k£ > 1. Then

Assume j is even. Then j = 2"(2k — 1) for some positive integers k < j and

n > 1, and so
a(j) = a(2"(2k—-1)) = a(2k—1) = k < j < 2j.
Hence we have a(j) < 2j for all j > 2. [

Note that since a(j) < a*(j) and a(j) < 2j we have that a*(j) < 2j+1 and so
a*(j—1) < 2j—1. Now we define a function S iteratively.

127



128 CHAPTER 4. GENERAL MARKOV NUMBERS

Definition 4.2.6. Define a function S in the following way. Let
S(0)=(1.1), 5(1)=(22), 52)=(1,1,2,2).

For j > 2 let R R R
S(25) = S(j) ® S(a(4)), and
S(2j-1) = §(a*(j—1)) & S(j).

We relate the functions S and S in the following proposition.

Proposition 4.2.7. Let v be the vertex in the n-th level of the ordered graph
g@((l, 1), (2,2)) whose central element is S(2"+1). If i = 2k for some positive
integer k, then

v= <§(2"‘1+k), S(2"+i), §(a(2"_1+k3))>.
If i =2k — 1 for some positive integer k, then

v = (§(a*(2”_1+k—1)),8(2”—1—2'), §(2”—1+1<;)>.
Remark 4.2.8. In particular, Proposition says that S(n) = S(n) for any
n > 0.

Recall the map x from Definition that sends triples of sequences («, 9, )

to triples of integers

(K(e), K(2), K(8)).
Example 56. Let n = 42. Then a(21) = 10 and so 5(42) = 5(21) ® 5(10). We
show that X(S(21), 5(42), S(IO)) is a vertex in s ((1,1), (2,2))

continuants of these sequences. We have

by looking at the

S(21) =(1,1,1,1,2,2,1,1,1,1,2,2,1,1,1,1,2,2,1,1,2,2),
5(42) = S(21) @ 5(10),
S(10) =(1,1,1,1,2,2,1,1,1,1,2,2,1,1,2,2).
Let o
z1 = K(S(21)) = 294685
7y = K (5(42)) = 6684339842
3 = K(S(10)) = 7561

Then we have
2 2 2
] + 25 + x5 = 3x1T273.

Hence x(S(21), 5(42), 5(10)) is a vertex in Ge ((1,1), (2,2)).
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Example 57. Let n = 37. Then a*(18) = 5 and so S(37) = S(5) & 5(19). We
show that x (S(5), S(37),5(19)) is a vertex in G ((1,1), (2,2)) by looking at the

continuants of these sequences. We have

S() =(1,1,1,1,1,1,2,2),
S(37)=1(1,1,1,1,1,1,2,2,1,1,1,1,1,1,2,2,1,1,1,1,1,1,2,2,1,1,1,1,2,2),
S(19) =(1,1,1,1,1,1,2,2,1,1,1,1,1,1,2,2,1,1,1,1, 2, 2).

Let

(5(3)) =34,
(S(37)) = 13782649,
(S(19)) = 135137.

T T
I
R e X

Then we have
Yt + v5 + Y3 = 3y1y2us.

Hence x(S(5), S(37),5(19)) is a vertex in G ((1,1), (2,2)).
Proof of Proposition[{.2.7. We have that

S(3) = S(0) ® S(2) =
S(4) = S(2) @ S(1) =

5
=
d
)
Nt
I
0)

(3), and

This is a base of induction.

Assume that the proposition holds up to n — 1-th level in the graph. Let
i € {1,...,2"1}. Let v be the vertex in the n — 1-th level of the graph whose
central element is S(2""'44). We have two cases, when i is even and when i is
odd.

7 even: Assume i = 2k for some positive integer k. By the induction hypothesis we

have that R N
v = <S(2”*2+l<:), S(2" i), S(a(2”’2+k))>.

We have that

Lo(v) = (§(2"‘2+k), S(2"2+k) @ S(2" 1 +i), 5(2"—1+¢)),

Re(v) = (S(2”—1+z'), S(2" 1 44) @ S(a(2" 2 +k)), §(a(2"—2+k:))>.
By the induction hypothesis and the ordering of the graph we have that

S(2(2" 1 i) —1) = S22 k) @ (2" 449),
S(2(277 1)) = S(2" 1) @ S(a(27 2 +k)).
We show that
S(2(2" i) —1) = S22 k) @ S(2" ' 449),
S(2(2" 1)) = S(2" 1) @ S(a(27 2 +k)).
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By definition of S we have that
S(2(2" ' +i)—1) = S(a(2" ' +i—1)) & S(2" i)

<a 2(2" 24 k)— )) & S(27 i)

2" 24 k) & S(2" i)

2" 4k) @ S(2" ).

I
L)y W)

I
L)y L)

(
(

The second and third equalities hold form the definition of a, and the final
equality holds by the induction hypothesis. Similarly we have

S(2(2" ' +4)) = S(2" ' +i) @ S(a(2" ' +9))
(a(2"'+i)) @ S(a(2(2”_2+k’)))
(a(2"'+0)) @ §(a(2”_2+k))
(a(2"" 44)) @ S(a(2" 2+k)).

Again, the second and third equalities hold form the definition of a, and

Il
n) W)

S
S

the final equality holds by the induction hypothesis. Hence the equalities
in Equation (4.3)) hold.

i odd: A similar argument holds for the case when 7 is odd.

This concludes the proof. [ |
Definition 4.2.9. The length of the sequence S(n) is denoted |S(n)].

Remark 4.2.10. We have from Proposition that

1S(2n)| = |S(n |—|—|S( ‘,and
1S(2n—1)| = |S(a(n—1))[ +|S(n)],

since [S(0)| = |S(1)].

4.2.2 Symmetry of construction of sequences (S(n))

We give some technical lemmas which significantly shorten the proof of Proposi-
tion . These lemmas use the related symmetry of the graph Gg ((1, 1), (2,2))
and Stern’s diatomic sequence.

We start by noting a definition of Sterns diatomic sequence that shows its

symmetry.
Remark 4.2.11. The table in Figure [4.4] is generated as follows:

Step 1. The first row contains two occurrences of the number 1

1 1.
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Step 2.

Step 3.

Step 4.

1

1 2
1 3 2 3
1 43 5 2 5 3 4

Figure 4.4: The first entries in Stern’s diatomic sequence.

The second row is obtained by taking a copy of the first row. Then each
consecutive pair of numbers is added together, with the sum placed halfway

between the two summands. Hence the second row is

The n-th row is started by taking a copy of the n — 1-th row. Then each
consecutive pair of numbers is added together, and the sum is placed halfway

between the two summands. So for a consecutive pair in row n — 1,

a b,

the corresponding elements in row n are
a a+b b.
Stern’s diatomic sequence is obtained from this table by omitting the right

hand column of 1’s, adding a leading 0 to the start, and reading the table
left to right, top to bottom.

Note that the resulting table is symmetric about its central column.

We have a lemma relating on the length of a sequence S(n).

Lemma 4.2.12. For k£ > 2 we have

1S(k)| = |S(a(k))| + |5 (a(k—1))].

Proof. We have

5(2)] =4 =2IS1)| =[S (a(2))| + S (a(D))].

This serves as a base of induction.
Assume [S(k)| = [S(a(k))|+|S(a(k—1))| for all k = 2,...,N—1, for some

positive integer N. We have two cases:
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N even:

CHAPTER 4. GENERAL MARKOV NUMBERS

If N = 2m for some positive integer m, then

1S(2m)| = |S(m)| + |S(a(m))]
| a(2m—1)) }+‘S ))’
= [S(a(N=1))[ +[S(a(N))] -

The first equality holds by Proposition 4.2.7, and the following equalities
hold by definition of a.

N odd: Let N =2m — 1. Then
1S(2m — 1) = [S(a*(m —1))| + [S(m)]
|S (2m — 2) }+‘S (a(2m —1))|
= [S(a(N = D)| +[S(a(N)] -
The first equality again holds by Proposition and the following equal-
ities hold by definition of a.
This concludes the proof. [ |

Next we have a lemma relating the length |S(n)| with Stern’s diatomic se-

quence.

Lemma 4.2.13. For k£ > 1 we have

|S(a(k))| = 2dy.

Proof. We have that

15(a(2))| = [S(a(1))]| =2 = 2d; = 2d>.

This is a base of induction.

Assume |S(a(k))} = 2d, for all k =1,..., N—1, for some positive integer N.

We have two cases:

N even:

N odd:

If N = 2m for some positive integer m, then ds,, = d,,, and so we have
|S(a(2m))| = |S(a(m))|. By the assumption we have 2d,, = |S(a(m))],
which happens if and only if

2dy = |S(a(N))] .
Let N = 2m~—1 for some positive integer m. Then |S(a(2m—1))| = |S(m)|.
By Lemma [4.2.12| we have
|1S(m)| = !S(a(m))‘ + ‘S(a(m—l))} )

By the assumption we have ‘S(a(m))| = 2d,, and |S(a(m—1))‘ = 2dp_1.

Hence

|S(a(N))| = [S(m)| = 2dy, + 2dm—1 = 2d .
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This concludes the proof. |

The following lemma relates more specific sequences S(n) with Stern’s di-

atomic sequence.

Lemma 4.2.14. Let n > 1. For i = 1,...,2" ! define the integers

EF=6-2"24+i—1 and k" =6-2"2—j+1.

Then we have
|S(K"+1)|

— djr1 = dpr.
5 k' +1 k

Proof. From Definition we have that &'+1 = a(2(k'+1)—1). Using Lemma
[4.2.13] we then have

1S(K +1)| ‘S(a(Z(kf’-}-l)—l))

2 2

= dyr'41)-1

= dk’+1 + dk/.

It remains to show that
dk’ = dk”;

but this follows from the symmetry seen in Figure see Remark [

We give an example of Lemmas [4.2.14] [4.2.12 and 4.2.13]

Example 58. We give an example for S(15) = (1,1,2,2,2,2,1,1,2,2,2,2,2,2).

(Lemma [£.2.12) We have a(15) = 8, a(14) = 4, S(8) = (1,1,2,2,2,2,2,2),
S(4)=(1,1,2,2,2,2), and hence

14 = |5(15)],
846 =|5(8) +|S(4)].

(Lemma [4.2.13]) We have that di5 = 4 and dy4 = 3, and so

8 = 15(a(15))| = [S(8)] = 2d;5 = 8,
6 =[S(a(14))| = [S(4)] = 2d, = 6.

(Lemma [4.2.14) Now k' = 14 = 6 - 2>243—1, so in the notation of
Lemma [£.2.14] we have that n = 3 and i = 3. Furthermore we have that
k' =6-232-3+1 =10 and d;y = 3. Hence

S(14 + 1)

—di;=7—-4
5 15 =7

:Szdlo.
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Let a = (aq,...,a,) and B8 = (by,...,b,). Note that
af = (by....bi,an,...,a1) = B®a.
Let Z be the function on triples of sequences (a, a3, ) defined by
Z(o, a8, B) = ap.

The next definition and proposition investigate the symmetry of sequences in a

Markov graph.

Definition 4.2.15. Let v = (i, pv, v), and consider a vertex
wy = LRI LERY (v)

in the graph Gg(u,v), where d1,...,09, 1 are positive integers , and n, d;, and
d9, are non-negative integers. Recall that the sequence Ef.f"Rg;”‘l . .E%R% is
called the Farey sequence of w;. We call R%"ﬁf.f”’l . .Rggﬁg the reverse Farey

sequence of wy.

Proposition 4.2.16. Let v, be the vertex (u, pv,v) in a Markov graph Ge(u, v).
Let vy be the vertex (U, U @ [, ;) in the graph Gg (v, ). Let

w; = ﬁgg"Rg;Thl RN ﬁ%R% (Ul),

wy = RELE . RELY (vy).

Then
Z(wy) = Z(ws).

Proof. We use induction. We see that

Z(Lo(v)) = pw =T OH O = Z(Ra(va)),
Z(Re(n)) =pv=7070 1= Z(Ls(va))
This is the base of our induction.
Assume for some positive integers n and ¢y, ..., ds,_1, and non-negative inte-

gers 01 and 0y, we have that

Z(LBRE L LERE (0)) = Z(RELE L RELY (1))

Let wy = L2 R L2RY (vy) and wy = RELEZ . RELY (1y). We have

for some sequences « and [ that
wy = (o, a3, B) and wy = (8,8 @ a,a),
with wy being defined by the induction hypothesis. Then
Z(ﬁ@(wl)) = aof = m = Z(R@(UJQ)),
Z(Re(w1)) =aBff=F@Bda=27Z(Ls(w)).

This completes the induction, and the proof. [
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Remark 4.2.17. Let v = (p, uv, v). The vertices in the n-th level of the ordered
Markov graph Gg(u, v) are given by

LR LERY (v),
where
2%k
=0
Note that the sequence S(2"+1) is Z(£% ' (v)) and S(2"™) = Z(R% ' (v)).

Remark 4.2.18. Note that in the n-th level of the graph we have sequences
S(2" 4+ 1) for i € {1,...,2"}. The central two elements in the sequence
2'71

(S(Z” + i))

are S(2"+2""1) and S(2"+2""1+1). These are given by

i=1

S2" 42" = S(2(2" ) +2" )
=S5(3-2"7)
=S5(6-2"7?)

and S(2"+2""1) = S(6-2"24+1). Hence, if k = 6-2"2+j and k' = 62" 2—j+1,
then we have that S(k) is the reverse sequence of S(k'), by Lemma 4.2.14!

Example 59. Begin with S(15) = (1,1,2,2,2,2,1,1,2,2,2,2,2,2). We have
k=15=6-2>2+3and m=6-232—-3+1=10. Then
S(10) = (1,1,1,1,1,1,2,2,1,1,1,1,2,2),
(2727 ]'7 17171727 27 171717 ]'7 17 1)7

S(10
S( (1,1,2,2,2,2,1,1,2,2,2,2,2,2),

) =
15) =

and so
S22 (15) = S(2,2),1,1)(10).

4.2.3 Canonical form for Markov sequences

In the previous subsection we saw how to define the integers a and b from a

positive integer n such that
(S(a), S(n), S(b))

is a Markov triple. We take this idea further in this subsection.
We split each sequence into two parts; one part contains a single Markov se-
quence (called the base element), and the second part contains a separate Markov

sequence repeated at least twice (called the repeating element).
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Consider such a Markov sequence S(n) = a@® 3" , where « is the base element

and £ is the repeating element (both Markov sequences with ¢ > 1). The value

of this representation, given in Lemmas [4.2.20] and 4.2.22] is that when we con-

catenate a Markov sequence with its repeating element the following important
facts hold:

1. a @ B is a Markov sequence.
2. If Cy, (a @ 6i) is palindromic, then so is Cy, (a fany 5”1)'

One could also have a case where a Markov sequence is split S(m) = o/ @ . This
is dealt with largely through Remark |4.2.18 Note that S (a(n))Z is the sequence
S(a(n)) repeated i times

We start by defining some decreasing sequences of positive integers.

o0

Definition 4.2.19. (i) Let n be an even integer with n > 2. Let (ti)i:1

be

the sequence with ¢; = n and

for 7 > 1. We define N to be the number such that ¢, _; is a positive integer,
and ty is odd. Let k; =t; fori=1,..., N, and let kx4 = (ky +1)/2. If

ky = 1 then we call the sequence
(k1...,kN)
the sequence induced by n. If ky # 1 then we call the sequence
(k1. ., knyt)
the sequence induced by n.

(i) Let n be an odd integer with n > 2. Let (ti);; be the sequence with t; =n

and
ti—l —+ 1

2 )
for + > 1. We define N to be the number such that ¢, _; is a positive integer
and ty is even. Let k; =t; fori=1,..., N and let ky,1 = (ky)/2. We call

the sequence

ti:

(k1. kns1)

the sequence induced by n.
Example 60. Let n; = 13. The sequence induced by n; is
(13,7,4,2).
Let ny = 16. The sequence induced by ns is

(16,8,4,2,1).
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We have lemmas giving us a splitting of a Markov sequence S(n) dependent

on the sequence induced by n.

Lemma 4.2.20. Let £ = k; > 2 be an even positive integer, and let i be a

positive integer such that the numbers

are positive integers for j = 1,...,4, and k; is odd. Let k;;; = (k;+1)/2. Then

S(k) = o
S((l*(k’z_;,_l—l)) D S(ki+1)l, if ki—i—l > 1,

where the power ¢ indicates a sequence concatenated ¢ times.

Definition 4.2.21. For even k we call the splitting of the Markov sequence S(k)
in Lemma {4.2.20| the canonical splitting of S(k).

Example 61. For k; = 10 we have S(10) = (1,1,1,1,1,1,2,2,1,1,1,1,2,2), and
the sequence induced by k; is (k;)3 = (10,5,3). Note that a*(ks—1) = 0, so
S(a*(ks—1)) = S(0) = (1,1). Also we have S(3) = (1,1,1,1,2,2), and hence

S(10) = S(0) & S(3)* = (1,1) @ (1,1,1,1,2,2)%
Note also that
S(20) = S(2-10) = S(0) @ S(3)* @ S(3) = (1,1) & (1,1,1,1,2,2)*.
Finally, we see that

C3(5(10)) = (1,1,1,2,2,1,1,1,1,2,2,1,1,1),
C5(5(20)) =(1,1,1,2,2,1,1,1,1,2,2,1,1,1,1,2,2,1,1,1).

Proof of Lemma[{.2.20. Through repeated application of Proposition we
have that -
S(k) = S(ka) & S(a(ks)) = S(k:) & S(a(k:)™ .

If kirq = 1 then k; = 2, and so
S(k) = S(2) @ S(a(2)) ™ = 5(0) @ S(1)'.
If k41 > 1, then since k; = 2k;1—1, we have that
S(ki) = S(a*(kit1—1)) ® S(kis1),

and so

S(k) = S(a*(ki1—1)) ® S(kir)’,

which proves the lemma. [
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Lemma 4.2.22. Let k = k; > 1 be an odd positive integer, and let ¢ be a positive

integer such that the numbers

kjq+1

kj: 2

for j = 1,...,i are positive integers, and k; = (k;_1+1)/2is even. Let k;1 1 = k;/2.
Then |
S(k‘) _ S(ki—&-l)Z S%) S(a(ki+1)), if k; > 2,
S(0) & 5(1), if k; = 2.

Definition 4.2.23. For odd k we call the splitting of the Markov sequence S(k)
in Lemma {4.2.22{ the canonical splitting of S(k).

Example 62. For k; = 13 we have S(13) = (1,1,2,2,1,1,2,2,1,1,2,2,2,2), and
the sequence induced by k; is (k;)] = (13,7,4,2). Note that S(2) = (1,1,2,2)
and S(a(2)) = S(1), and so

S(13) = S ® S(0) = (1,1,2,2)° & (2,2).
Note also that

S(25)=95(2-13-1)=S5(2)* @ S(2) = (1,1,2,2)* @ (2,2).

Finally we have

C5(5(13)) = (1,2,2,1,1,2,2,2,2,1,1,2,2,1),
C7(5(25)) = (2,1,1,2,2,1,1,2,2,2,2,1,1,2,2,1,1,2).

Proof of Lemmal[{.2.23. Applying the result of Proposition we have
S(k)=S(a*(ks—1)) ® S(k2)
= S(a* (ki — 1)) ™" @ S(ky).

If £, > 2 then
S(k) = S(a*(2kiyr — 1)) @ S(2kisy)

:S(k}1+1> EBS( kl+1 )

If £, = 2 then
S(k) = S(a*(k — 1)) @ S(ks
=S0)t®S(2)
= S(0)' @ S(1).
This completes the proof. [ |

Remark 4.2.24. Let £ > 2. Note that if we have a splitting for a Markov

sequence S(k)
S(k) = S(a)® S(b)

138



4.2. PROOF OF THEOREM |4.1.27; PALINDROMIC MARKOV SEQUENCES 139

for some positive integers a and b, then this cannot be a canonical splitting. This
follows since each integer £ > 2 induces a sequence (k;) ,, where n must be
greater than 1. The canonical splitting then includes some sequence to the power

n.

The final lemma before the proof of Proposition is purely technical, and

it shortens the notation used in the proof.

Lemma 4.2.25. Assume that the d,-th circular shift of S(n) is palindromic for
all n = 1,...,k;—1, for some positive even integer k;. Let (ki,..., k1) be the

sequence induced by k. Assume also that ;11 > 1. Let L = dy,, and let

S (a(kiy1=1)) | + (i=1)|S (kis1)]

R=L+ 5 .
Then R > |S(a(kiy1—1))|-
Proof. 1f i > 2 we have that
L=dy, =dy, =dp; = ... =dp, = dop,,, -1 = dpyy + i1
Also
S (a(kis1—1))| = 2dy,,, -1
Hence

2dy,,, 1 + (1=1)[S(kiy1)|

R=dy , +dy, -1+ 5

> Qdki+1—l = ‘S(a(kl+1—1))| .

If i = 2 then
L =dy, = dopy—1 = diy + diy—1.

Hence

S(k
R = dk3 + dk3_1 + dk3_1 + @ > Qdkg_l = }S(a(kg — 1))| .

4.2.4 Proof of Proposition 4.2.2

Now we prove Proposition [£.2.2]

Proof of Proposition[{-2.3. We must show that Cy, (S(n)) is palindromic. To do
this we use induction on n.
For n € {0,1,2} we have
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This serves as a base of induction.
Assume the statement holds for all n = 3,...,k—1, for some integer k > 3.
We have two cases, for when k is even or odd. In either case, we denote the

elements of the sequence S(k) by \’s, so

(i) Let k = ky be even. Let (kq,...,ki11) be the sequence induced by k. If
ki1 = 1 then k; = 2, and so k; = 2°. Hence dy, = dy = 1. We have that

S(k) = 5(0) @ S(1)",

and so

Ci(S(k)) =(1,2,2,...,2,2,1),

which is palindromic.
If ;11 > 1 then let N and M be the lengths of the sequences S(a*(kiy1—1))

and S(k;;1) respectively, so

N =[S(a*(kis1—1))] and M =|S(kis1)|.

We have that '
S(k1) = S(a*(ki1—1)) ® S(ki1)’,

S(ky) = S(a*(k;iﬂ—l)) @ S(kip1) ™t
By the induction hypothesis we have that

Cde (S(kz)) — Cde (S(a/* (1{7@4_1—1)) @ S(kﬁi_i_l)iil)
is palindromic. The inductive step is to show that
Cdk1 (S(k1>) = Cdkl (S(a*<k1+1—1)) S5, S(kl+1>2)

is also palindromic.
Let L = dy,, and set

N+ (i—1)M

=1L
R + 5

This is L added to half the length of the sequence S(ky). We already have from
the induction hypothesis the following relations for the elements of S(k»)

)\L - )\L—‘rl’ AL—l - >\L+27 ceey )\1 - )\2L7

AlS(k2)| = A2L41,  A|S(ka)|—1 = A2042,--+, AR+2 = ArR—1, ARyl = AR

Since S(k1) is obtained by the concatenation
(5(a*(ki+1—1)) © S(/fiﬂ)i*l) @ S(kit1),
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we immediately derive the following relations for elements of S(k;)
AL =Ar41, Apo1=Ange, o A=A,
AIS(k)| = 20415 AIS(ki)-1 = A2042,- -+,  AR+M+2 = AR-1, ARtM+1 = AR

The subsequence of S(k;)
(AR+1, AR+2, -+ AR+ M1, AR+ M)

is simply a circular shift of S(k;1).

We must show the following condition
AR = ARt M415 -+ AREM/2 = ARYM/241- (4.4)

To do this we note that, with R>N from Lemma [4.2.25, we can ignore the
sequence S(a*(ki41—1)) at the start of S(k) (by subtracting its length N from
R), remove any excess copies of the sequence S(k;11) (by working modulo M),
and get that the condition in Equation is equivalent to having

iy if 7 is even,

dy,, + 2EL i G s odd,

M
IHE—NlmdM:{ (4.5)

That is to say, if i is even we show that

Cdk (S(kiﬂ)) = ()‘Rv ceey )\R+M/2a )\R+M/2+1> cees >\R+M+1)a

i+1
and if 7 is odd we show that
Cdki+1+\s(ki+1)l/2(S(kiﬂ)) = (ARs -+ AREM/2s AR MJ2415 - - s AR M 41),

and since both of these sequences are palindromic by the induction hypothesis,
we have the condition of Equation (4.4 holds.
Substituting in for R, M, and N, the left hand side of Equation (4.5)) becomes

dk2+’S<§2)‘+|S(k2i+l)‘ B |S(a*(ki+1_1))| mod [S(kiy1)]

Recall that dy, = di, = ... = di, = dox,

ir1—1 — dk’i+1 +dki+1_1 and

1S(k2)| = |S(a* (kix1—=1)) | + (i=1)|S(kir1)],
and so
R—i—%—]\f mod M =

i|1S(kisy)|  [S(a* (kisa—1))|

dki+1 + dki+1*1 + 2 2

mod |S(l€l+1)‘

If 7 is even then this becomes

2 = Wk

dki+1 + dki+1—1 - mod |S(k51+1)|7
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which is true by Lemma |4.2.13|

If 7 is odd, then we have

S(kic)|  |S(a* (ki1 —1))]
2 2

dki+1 + dki+1—1 +

S(k;
dki+1 + HT—H)l mod ‘S<kl+1)|a

which is again true by Lemma [4.2.13] So we have that the di-th circular shift of
S(k) is palindromic, and the induction holds.
(i) The proof for the case when k = k; is odd is equivalent to the even case by

Lemma[4.2.174] and Remark This concludes the proof of Proposition [4.2.2]
|

4.2.5 Proof of Theorem [4.1.27

In this subsection we finalise the proof of Theorem [{.1.27, We start with the

following lemma, coming from [23].

Remark 4.2.26. Recall the definition of the half sequences |A| and [A]. Clearly,

|A| = [A] if A is palindromic.

Proof of Theorem[{.1.27. Let n > 2 be a positive integer. Let A; € {A, B} such

that
Sn(A,B)=A;... Ay

for some positive integer N. Let A = (a,a) and B = (b,b). Let \; € {a, b} such

that
Sn(A,B) = A1y, Aan.

Note that Ay = (Aog_1, Aax). We have two cases, for when d,, is odd or even.
Let d,, be odd. Let £ < N be a positive integer such that

Cdn (Sn) == )\dn+1Ak ce e ANA1 ce Ak72)\dn>

which is palindromic by Proposition [4.2.2, Then

2%k —1=d, +2,
d, + 1
k= 1
y o
d
== +1.

Hence
Ca,(Sn) = A1 h41dn 21 - - ANAL - Afa, j21-1 0, -

Let us relabel Ay 4, /21 to I'y such that

Cd (Sn) = )\dn+1F1 ‘e FN—l)\dn-

n
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Then
'y =Tn_1,- o Dyvenye) = Diav—1) /2741

Substituting A and B with any palindromic sequences p and v does not change
these equalities, neither does letting Ay, = [A], Ay, = |A] for any palindromic
A. Hence

[Ata, /21 1A 1a, 2141 - - AnAr - Apa, 21— 11 At 21

is palindromic.

Now let d, be even. Let k < N be a positive integer such that

Cdn(sn) - Ak‘ .. ANAI .. -Ak—b

= N +1Adpy 42 - - - A2NAL - - Ag, -
Then k =1+4d,/2, and
Cq,(Sn) = Msan 2 - AnAL .. Ag, )2
is palindromic by Proposition . Let us relabel Aj14,/2 to I'; so that

Cu(S)) =Ty...Tx.

Then
I'y=Tpn, ... U vy2) = Dinvgoer

Replacing A and B with any palindromic sequences 1 and v does not change

these equalities, and so
Adn/2+1Adn/2+2 e ANA1 . e Adn/Q

is palindromic. This completes the proof.
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4.3 Markov graph relations

In this section we use Markov graphs to generate graphs of forms, matrices, and
general Markov numbers. The relations between Markov graphs, graphs of forms,

and graphs of matrices are the same as in Chapter [3, as seen in Theorems

and [3.3.141

In Subsection [4.3.1] we note the Markov value of previously defined general re-

duced Markov forms.

We define graphs of general reduced Markov matrices in Subsection [4.3.2l We
present a theorem constructing all reduced matrices in the integer conjugacy

classes of matrices defined by periods of LLS sequences.

We define the graph of general Markov numbers in Subsection [£.3.3] We show
that there is no simple recurrence relation to generate graphs of general Markov
numbers directly from vertices of integers. Finally we relate the graphs of general
reduced Markov matrices and forms to the graph of general Markov numbers.

Let 1 and v be even length sequences such that Gg(p, ) is a Markov graph.
Recall from Chapter [3] that

F(g@(,u, )) =G, (Mu’ V)
Q(g‘(MIMM )) - ge(flmfl/)’
®(Ga(p,v)) = Go(fus fo)-

4.3.1 General forms

Recall the definition for a graph of general reduced Markov forms Gy ( fus fV) from
Section [4.I] We note the Markov value of these forms, and give an example.

Remark 4.3.1. From Theorem [4.1.14] we have that every form f, in every vertex
of a graph of general reduced Markov forms has

m(fa) = fa(1,0) = K ().
If @ = (ay,...,a,) then the Markov value of f, is

V(K7 (@) + K37 (@) — 4
K7™ H(a) '
Example 63. Let 1 = (1,1) and v = (3,2,1,1,2,3) be sequences. Then the
graph Gg (p,v) is Markov. Let a = puv. Then

falz,y) = 2592% + 7192y — 535y>.

The element on the Markov spectrum associated with this form is

V1071221
259
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4.3.2 Matrices

In this subsection we define the graph of general reduced Markov matrices from

a Markov graph. We have the following definition.

Definition 4.3.2. Let G5 (1, v) be a Markov graph. For a sequence a = (a;)7 in

a vertex of Gg (1, V), recall the definition of M,, the matrix associated with «,

o= (i) 1)

The graph of matrices F(g@(,u, l/)) =G, (M/m M,,) is called the graph of general
reduced Markov matrices. We have that these graphs are equal by Theorem
and the proof of Theorem [3.2.20, We call any matrix M in any vertex of the graph
Ge (Mm M,,) a general reduced Markov matrix.

By this definition, G, (M(Ll), M(gvg)) is also a graph of general reduced Markov
matrices.

As an aside we construct all reduced matrices for periodic LLS sequences.

Definition 4.3.3. Let a« = (aq,...,a,) be the period of an LLS sequence. Let
P(«) be the set of all matrices SL(2,Z) conjugate to

() )

Let Q(«) be the set of all matrices SL(2,7Z) conjugate to

(58 )

From [52, Proposition 7.11,Corollary 7.17], we have that two SL(2, Z) matrices

with positive eigenvalues are SL(2,Z) similar if their LLS sequences coincide.

Theorem 4.3.4. Let o = (ay,...,a,) be the period of an LLS sequence. Then

every reduced matriz in P(a) is given by

(e e,

and the reduced matrices in Q(a) are given by

(K fo 530000,

where oy 1s the i-th circular shift of a for i =1,...,n. Also, « is evenly palin-
dromic if and only if P = Q.
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Example 64. Let a = (1,2,3,4). Then the reduced matrices of P(«) are

7 30 13 16 5 14 3 10
10 43)° 30 37)° 16 45)° 14 47)°

The reduced matrices in Q(«) are

7 10 13 30 5 16 3 14
30 43)7 16 37)° 14 45)° 10 47)°

Proof of Theorem [{.53.4. The matrices given in Theorem[4.3.4]are clearly reduced.
By Proposition we have that the matrices in P(«) are SL(2,Z) equivalent,
and the matrices in Q(«) are SL(2,Z) equivalent.

We show that the reduced matrices in P and Q are equal if and only if « is

evenly palindromic. Let a be an evenly palindromic LLS period. Without loss

of generality, assume o = (aq,...,a,) is palindromic, so & = @. Then ay = @,
where ay = (ag,...,a,,a1) and o, = (a,,a1,...,a,_1). Similarly, o; = @, ;12
foralli=3,... n.

Recall that if o; = @; then K] '(a;) = K5 (a;). Hence
M(Oéz') = M<Oén7'i+2>.r = M(OénfiJrZ)
fori =2,...,n. Hence P = Q.

Assume P = Q. Then for each o; = (by,...,b,), with i = 1,... n, we have
some o = (cq,...,¢,), with j € {1,...,n}, such that

(e woto) = (s )

Then Ko () K (a)
" oy oy
[b1;bg 1 ... b, = }1 2= nl_ L =eeni. e,
K3 (i) Kj 1(04]')
and so (by,...,b,) = (Cn,...,c1). Hence « is evenly palindromic, and the proof
is complete. [ |

4.3.3 General Markov numbers

We introduce general Markov numbers. Let us start with the following definition.

Definition 4.3.5. Let G (1, v) be a Markov graph. For a sequence « in a vertex

of G (i, v) define the general Markov number associated with o to be
K(a).

The graph X (g@(,u, V)) is called a graph of general Markov numbers. We denote
this graph by T (u, ).
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We define infinite sequences of regular Markov numbers £, and R, for a
triple v = (a,@,b) at a vertex of the graph of regular Markov numbers. Recall

the ternary operation Y acting on triples of integers by
Y¥(a,b,c) = 3ab — c.

Definition 4.3.6. Define the reqular Markov paths of v to be L, = (F;);>0 and
Ry = (Qi)i>0, where

Pr=b, Q1=a, P=Qs=M,
and for ¢ > 2
Pi = Z(aa Pi*l? 131'72)7
Q’i = Z(ba Qi*l) Qi*Z) .
Example 65. For the vertex v = (13,194,5) in Gx(1,5,2) we have the regular
Markov paths

L, = (13,194, 7561, 204685, 11485154, 447626321, 17445941365, . . .),
R, = (5,194, 2897, 43261, 646018, 9647009, 144059117, 2151239746, . ...).

The definition relies on there being a constant (namely 3) such that both

3Qa —b and 3Qb—a

are regular Markov numbers. We show using an example that this rule does not

follow over to general Markov numbers.

Definition 4.3.7. For a vertex v = (o, af, #) in a Markov graph Gg(u, v) define
the general Markov paths of v to be the sequences L = (P;);»o and R} = (Q;)i>o0,

where

P =K(B), Q =K(a), Py=Qs=K(ap),

and for 7 > 2 o
P=K(a" @ f),

Qi=K(adp™).
Proposition 4.3.8. For a vertex v in Gg((1,1),(2,2)) we have the following

equality of sequences

Ly =Ly,
R: =R,
Proof. This is a rewording of the result in Theorem [3.2.7] |

Example 66. For the vertex v = (5,433, 29) in Gx(1, 5, 2), the Markov paths are

L, = (5,433,6466, 96557, 1441889, .. .),
R, = (29,433, 37666, 3276509, 285018617, . . .).
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Note that 1441889 = 3 -5 - 96557 — 96557. The recurrence relation is 3 times the
first element in £,.

Consider now the Markov graph g@((l,l),(3,3)). The graph of general
Markov numbers is 77((1,1),(3,3)). For the triple w = (1,18,7) at a vertex
in 7((1,1),(3,3)) we have the general Markov paths

Ly = (1,18,47,123,322,843,2207,5778, .. .),
R;, = (7,18,485,13077, 352594, 9506961, . . .).
Looking at L we see that

322=3-1-123 —47 and 843 =3-1-322—-123.

However, in R}, we have

13077 = 27 - 485 — 18 and 352594 = 27 - 13077 — 485.

Since 7 does not divide 27 we have that there is no simple ternary operation
to generate 7((1,1), (3,3)) as there is for Gx(1,5,2). Note that in R}, = (Q;)i>o,
for ¢ > 2 we have that Q; = 27Q);_1 — Q;_o. We discuss why this is in Chapter .

We finish this subsection by relating the graphs of general reduced Markov
matrices and general reduced Markov forms with the graph of general Markov
numbers. Recall the maps A and T from Definitions [3.2.35] and [3.2.40]

Theorem 4.3.9. Let Gg(u,v) be a Markov graph. Then
A(gé)(fua fu)> = X(g@(/% V))

and

T (Go (M, M,)) = X (G (11, ).

Proof. We have a bijection between the graphs Ge (u, v) and Gy ( f,, f,,) connecting
the vertices v = («, 9, 5) and ¢(v) = (fa, fs, fg). We show that x(v) = )\(gp(v)).

o

= (K(a). K(6), K(5))
= Afa: f: 15)
= Mp(v))-
Similarly, there is a bijection between Gg (11, ) and G, (M M ) connecting the
vertices v = (a, 8, 8) and v(v) = (Ma, Ms, Mg). We show that x(v) = v(y(v)).

This completes the proof.
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General I > General reduced
Markov sequences - -1 Markov matrices
q>\‘\q>—1 Q-1 [ jQ
General reduced

X Markov forms Y

4

)
Uy E General Markov numbers U3
[]
\If2l
Markov spectrum
Figure 4.5: The extended structure of Markov theory.
4.4 Maps

We finalise the maps between the various graphs of sequences, matrices, forms,

numbers, and the Markov spectrum.

4.4.1 Inverse maps

Recall the definitions for '™, Q~! and ®~! from Chapter[3] From Theorems
and we have that these are inverse maps to I', €2, and ® respectively.

4.4.2 Markov spectrum maps

Recall the maps ¥; for i € {1,2,3} from Chapter 3] We relate the graphs of

general Markov matrices, forms, and sequences to the Markov spectrum.
Theorem 4.4.1. Let Gg(u,v) be a Markov graph. Then
\Ill (g@(/% V)) = \112 (g9 (f,ua fzz))

and

U1 (Ge(p,v)) = Ws(Go (M, M, ) )

Proof. This follows from the definitions of the maps pi, ps, and ps from Sec-

tion [3.4.1] |

Figures [4.5] and [4.6] show the relations between the different graphs of general
Markov theory, and the Markov spectrum.
Recall the result in Proposition |3.4.8] From this and Theorem {4.4.1] we have

the proof of the following proposition.
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I .
g@(ua V) < et go(M;uMu)
F—l
S\UE a-1ffo
X g@(f/mfu) T
I
Uy E X (G (p,v)) Uy
v \Ij2l v

Markov spectrum

Figure 4.6: The general structure of Markov theory.

Proposition 4.4.2. Let Go(u,v) be a Markov graph with the the lengths of u
and v even. For every sequence o = (aq, ... ,ay) in every vertex of Go(u,v), and

the associated form f,, we have that

Afa)
[(@)] +[0; ()]

Proof. Note that |a| = n is even. From Theorem [4.1.14] we have that m(f,) =
fo(1,0). With this, we need only show that

|fa’ =

n
z2\{(0,0)}

2

V(K@) + K37 ()’ — 4
K7 () '

[(@)] +[0; ()] =

But this follows directly from the proof of Proposition [3.4.8, This completes the
proof. [ |

Remark 4.4.3. Due to the palindromicity requirement of sequences in Markov

graphs, there is at least one cyclic shift of § giving the same value of |fs].

Remark 4.4.4. Currently there is no known way to connect general Markov

numbers with the Markov spectrum.

Remark 4.4.5. The major differences between the general and regular cases are
that we lose the partial inverses from the forms, matrices, and sequences to the
general Markov numbers, and we have no map from general Markov numbers to

the spectrum.
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Chapter 5

General Markov numbers

In this chapter we study general Markov numbers in more detail.

We start in Section where we study general Markov numbers themselves.
Recall that for any triple (a, @, b) of regular Markov numbers there is a recurrence
relation generating two infinite sequences of regular Markov numbers. In the
general case, there is a recurrence rule for general Markov numbers. However,
the recurrence constants for a general triple (f( (a), K(afB), K (B)) are not always
3K(«) and 3K(8). They are instead given by the trace of the general reduced
Markov matrices associated with K (o) and K (), as is shown in Theorem .

In Section [5.2] we introduce the uniqueness conjecture for general Markov num-
bers. We show that in certain cases of general Markov numbers this uniqueness

conjecture does not hold.

We close the chapter in Section [5.3] where we mention some open questions in

the area, and possible further study.
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(50806696, 109894859959, 191)
(23489,50806696,191)<::::::

(23489, 13516156143385, 50806696 )

(2888956, 768551853625, 23489)
(11,2888956723489)<<:::::::
(11, 355318099, 2888956)

(7412597, 16033443884, 191)
(3427,7412597,191)<::::::::

(3427, 287690301976, 7412597)

(61495, 2386682441, 3427)
(4,61495,3427)<=:::::::::::

(4,1103483, 61495)

Figure 5.1: The first four levels in the general Markov graphs 7 ((4,4), (11,11))

(11,23489,191)
(4,191,11)

(4,3427,191)

5.1 General Markov numbers

In this section we discuss general Markov numbers in more detail. We discuss a

version of the uniqueness conjecture for Markov graphs.

Example 67. Figures and give the first 4 levels in the general Markov
graphs 7 ((4,4), (11,11)) and 7((1,1),(3,2,1,1,2, 3)) respectively

Recall the notation for the regular Markov paths £, and R, from Chapter [3]
We define paths for vertices in Markov graphs, and corresponding paths of general

Markov numbers.

Definition 5.1.1. Let v = (o, a3, §) be any vertex in a Markov graph Gg (1, ).
We define the sequences Lg(v) and Rg(v) by

Ly (v) = (a'B)izo,
Re(v) = (aﬁi)izo-

For the corresponding vertex x(v) in the graph of general Markov numbers 7T (p, v)
we define the general Markov paths of x(v) to be

EX(U) = (}u{(azﬁ))lzw
Example 68. Let a = (1,1) and 5 = (5,3,3,5), and let v; = (a, 3, 5) be a
vertex in the Markov graph g@((l, 1),(5,3,3, 5)) Then the first seven elements

of £, (vy) are
(53,116,295, 769, 2012, 5267, 13789),

and the first seven elements of R, (v;) are

(1,116, 33755, 9822589, 2858339644, 831767013815, 242041342680521).
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(2650381, 429345361, 44)
(16361,2650381,44)<::::

(16361, 171307375891, 2650381)

(6527995, 421936956724, 16361)
(101,6527995,16361)<:::

(101, 2604653644, 6527995)

(103340, 41232401, 101)
(2597103340,101)<::::::

(259, 106956799, 103340)

(676, 699659, 259)
(1,676,259)<:::::::::::
(1,1769, 676)

Figure 5.2: The first four levels in the general Markov graph T (i, v) for u = (1,1)
and v = (3,2,1,1,2,3)

(101,16361, 44)
(1,101, 44)

(1,259,101)

For the vertex vy = (a, @®8, a8) we have the first seven elements of £, (vq) are

(116,295,769, 2012, 5267, 13789, 36100),

and the first seven elements of R, (v9) are

(1,295,200009, 135605807, 91940537137, 62335548573079, 42263409992010425).

Note that for any n > 0, for the vertices v; = (o, a3, 8) and v,, = (a, @™, a" 1 3)

we have that the general Markov path £, (v,) is a subsequence of £, (vy).

Remark 5.1.2. By Theorem we have for vertices v in the graph of regular
Markov sequences G ((1,1),(2,2)) and w = x(v) in Gx(1,5,2) that

[’X(U) = Loy,

Ry (v) =Ry

We show that there is a recurrence relation for the general Markov paths.

Definition 5.1.3. Let (o, af, ) be a vertex in a Markov graph Gg(u,v), with
a = (ay,...,a,) and 5 = (by,...,by,). We define the Markov path constants for

L (v) and Reg(v) to be
K12m71(52)

K e?) K@) K@)
K ')  K(a) KP'(B)  K(B)

respectively.

Definition 5.1.4. Let « = (ay,...,a,) and 8 = (by,...,by), and let (o, af3, B)
be a vertex in a Markov graph Gg(, v). Define the sequences £, x(v) = (Pl')z'>1
and Ry x(v) = (Qi) -, for i € {1,2} by the relations

P =K(B), Q =K(a), Py=Qs=K(ap),
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and for ¢ > 2 by

P = ff(o‘z)m — P,
K(a)
KB,
Qz f((ﬁ) Qz—l Qz—2-

Example 69. Let « = (1,1) and g = (5,3,3,5), and let v = («a,af, ) be
a vertex in the Markov graph Gg ((1,1),(5,3,3,5)). We have that K(a) =1,
K () =53, and K(a) = 116. The Markov path constant for Lg(v) is

v
9] -

K(a)

)

K@) 3
1

and the Markov path constant for Re(v) is

K(B% 15423

% (9) T 291.

Note that 3-116 — 53 = 295 and 291 - 116 — 1 = 33755. Following on in this way

we have that the first seven elements in £, »(v) are

(53,116,295, 769, 2012, 5267, 13789),

while the first seven elements in R, x(v) are

(1,116, 33755, 9822589, 2858339644, 831767013815, 242041342680521).

Note that the first seven elements of £, x;(v) and L, (v) are the same. Also, the

first seven elements of R, x(v) and R, (v) are the same.

We show that the general Markov paths are given by the recurrence relations
in Definition B.1.4]

Theorem 5.1.5. Let o, A, and p be the following sequences of positive integers

a=(ay,...,a,),
)\:<b1,...,bl>,
p=(c1,...,¢),

with n, [, and r positive integers, and n even. Then we have that

K(a?)  K(Xa?p)+ K(\p)

9] .

K (a) K(Xap)
Corollary 5.1.6. For a vertex v in a Markov graph Gg (i, v) we have that

Lyxn(v) = Ly(v),
Ryn(v) = Ry(v).

154



5.1. GENERAL MARKOV NUMBERS 155

Example 70. The triple v = ((1,1),(1,1,3,2,1,1,2,3),(3,2,1,1,2,3)) is at a
vertex in the Markov graph G ((1, 1),(3,2,1,1,2, 3)) The corresponding vertex
in 7((1,1),(3,2,1,1,2,3)) is

x(v) = (1,101, 44).

Theorem [5.1.5] says that the central elements of the vertices in these paths are

given by recurrence relations with the Markov path constants

K(1,1,1.1 K(3.2.1.1.2.3.3.2.1.1.2.3
(v7 ) ) ):31 a,nd (7 7v7 b b ) ) ) b ) ) ):162
K(1,1) K(3,2,1,1,2,3)

We have that the first 3 elements in both R, »(v) and R, (v) are
(1,101, 16361).
The fourth and fifth elements in R, x(v) are

162 - 16361 — 101 = 2650381 and 162 - 2650381 — 16361 = 429345361,

and the fourth and fifth elements in R, (v) are

K(1,1,3,2,1,1,2,3,3,2,1,1,2,3,3,2,1,1,2,3) = 2650381, and

K(1,1,3,2,1,1,2,3,3,2,1,1,2,3,3,2,1,1,2,3,3,2,1,1,2, 3) = 429345361.
We first have the following lemma.

Lemma 5.1.7. Let « = (ay,...,a,) be a sequence in some vertex of a Markov
graph Gg(p,v). Then

K3 (?)

W = K{(a) + Ky ' (a).

Proof. Splitting the left hand side of the equation by the formula in Proposi-
tion [2.1.6] we get
K" (a?) _ KP(@)K7™ (o) + K7 (a) K3~ (o)
K ') K7™ H(a)
— K7 (a) + K37Y(a).

This concludes the proof. [ |

Remark 5.1.8. Note that the value K™(a)+K5 () is the trace of the associ-

ated general reduced Markov matrix M,,.

Proof of Theorem [5.1.5. From Lemma [5.1.7, the equation in Theorem [5.1.5| is

equivalent to
K(Ma?p) + K()
Kf(a)—}-K;_l(oz) — ( aup) ( P>'
K(Aap)
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We investigate the quantity

Tr = K(Aap) K (@) + K(Aap) K37 (@) = K(Aa®p) = K(Ap).  (5.1)

We show that Tr = 0. We use the following relations in our proof, coming from

Proposition [2.1.6}

9

K(Aap) = K" (M) K (ap) + K(Aa) K3 (ap); (5.2)
K(3ap) = KI (VK (ap) + KN K5 " (ap): (5.3)
K(Aa) = KINE () + K(V)K; ™ (a); (5.4)
K (Ma) = KLV} (a) + KOS (o) (5.5)

Substituting Equations (5.2)), (5.3)), and (5.4)), into Equation (5.1)) we get

T =K Qap) K (a) + (KI()K (ap) + KOKS T (ap) ) K37 ()
(K (a) K (ap) + (KIOK(0) + KOVKS (@) ) K3+ ap) ) = K(Ap).
After cancelling reciprocal terms we have
Tr =K (Map) K7 (@) + K{(\) K (ap) K5~ (a)-
K(0a) K (ap) — KL (VK (@) K2 (ap) — K(\p).
Now substituting Equations and to Equation (5.6)) we obtain

(5.6)

T = (KL E (ap)+K (VK5 (ap) ) K7 (@) + KTV K (ap) K3 (@)

(KIOVET (@) + KOS (@) ) K(ap) — KIO)K (@)K3 " (ap) = K (M),

(5.7)
Again cancelling reciprocal terms we have
T =K (N K3 (ap) KT () + K{(A) K (ap) K3~ (a)—
KMNE3 (a)K (ap) = Kj(\)K (o) K37 (ap) — K(Ap).
After factorising this equation becomes
T =K (K3 (ap) KT (a) = K3 (@)K (ap) )+ 55

K (K (ap) K5 (@) = K(@) K3V (ap)) = K(p).

Let us study the expressions in the brackets of this equation. We split the con-

tinuants using the result in Proposition [2.1.6, First of all, we have

K3 ap) K (a) — K3 (@)K (ap) =(KZ (@)K (p) + K37 ()3 (p) ) K (0)

~ K3 () (K7 (@)K (p) + K () K3 (p))
(K7 (@) K37 (@) = K3(a) K(a) K37 (p)
=K;"'(p),
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with the last equality holding since n is even. Secondly, it holds that
K(ap) K3~ () = K(a)K3™ ! (ap) Z(K?(Q)K( )+ K(a)
— K(a) (K3(e)i(p) + K3~ (@)K5 7 (p)
—(K(0) K3 (@) = K(a)K3(a) ) K(p)
K(p).

Using this, Equation (5.8) becomes

K37 (p)) K37 (@)

Tr = KI(\)K(p) + KAK; (p) — K(\p),
and so Tr = 0, by Proposition [2.1.6] [ |

Remark 5.1.9. For general Markov numbers one must know the general Markov
sequences associated with a vertex of numbers before generating the recurrence
relation (which is why the graph needs to be generated from a Markov graph),

whereas for regular Markov numbers this is not the case.
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5.2 Uniqueness conjecture

In this short section we recall the uniqueness conjecture for regular Markov num-
bers. We give an analogous conjecture for general Markov numbers. We show

that the conjecture fails for certain graphs of general Markov numbers in Theo-

rem [5.2.8

Recall the uniqueness conjecture for regular Markov numbers.

Conjecture 5.2.1 (Regular uniqueness conjecture (Frobenius [3§])). In the graph
T((1,1),(2,2)) each regular Markov number appears as the maximal element in

exactly one vertex.

This conjecture is well studied, and shows up in many interesting areas. We

refer to the book by M. Aigner [2] for a general reference.

Conjecture 5.2.2 (General uniqueness conjecture). In the graph of general
Markov numbers T'(u, ) each general Markov number appears as the maximal

element in exactly one vertex.

We present a proposition that gives a condition for whether the general unique-

ness conjecture fails for a Markov graph 7T (u, v).

Proposition 5.2.3. Let v = (a, a3, 5) be a vertex in a Markov graph Ga(u,v).
Then x(v) = (a,Q,b) is a vertez in the graph of general Markov numbers T (u, v).

Let L, (v) = (Pi)izo and Ry (v) = (Qi)iz(r
Assume there exist positive integers 7 > 1 and k > 1 such that P; = Q. Then

there are distinct vertices
(a7Pj7Pj—1) and (Qk—l?Qkab)

i the graph X(g@(,u, 1/)) with the same largest element. Hence the uniqueness
congecture for T (u,v) fails.

The following lemma ensures that the considered P; and @) are the largest

elements in their respective vertices.

Lemma 5.2.4. The sequences £, (v) = (PB;).., and R, (v) = (Q;).., are strictly

increasing.

Proof. By inspection we know that K(a) < K(af) and K(8) < K(af). Let the

Markov sequence for some element P; € £, (v) be § = (x1,...,24). Then
P = F((Of(s)

— K7(a)

> Ki'(«)

K(a)K3(5)
K(5).

K(6) + K
K(3)> k
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The strict inequality is due to the fact that continuants of positive integers are
always positive.

A similar argument holds for elements of (); € R, (v). The proof follows. W

The next lemma says that the triples considered in Proposition [5.2.3] are in

fact vertices in a graph of general Markov numbers.

Lemma 5.2.5. Let v = (o, a3, B) be a vertex in a Markov graph Gg (i, v). Then
x(v) = (a,Q,b) is a vertex in the graph of general Markov numbers 7 (i, v). Let
Ly(v) = (P),., and Ry (v) = (Qi),.,- Then the triples

(CL, -Pi) f)i—l) and (Qi—la Qi) b)
are both vertices in the graph X(g@(u, V)), for all ¢ > 0.

Proof. This follows from Corollary and the definition of the paths £, (v)
and R, (v). |

Proof of Proposition[5.2.3. The proof follows from the previous two lemmas. W

5.2.1 First counterexamples to the general uniqueness con-

jecture

We define certain graphs of general Markov numbers for which the uniqueness

conjecture is false.

Definition 5.2.6. For any positive integer n define positive integers a, and b,
by

an =n’+ 3,
by = n* +5n% 4+ 5.
Note that ged(a,,b,) = 1, and that the ratio b,/a, is equal to the continued

fraction

bo _

an

Definition 5.2.7. Define the sequences S,,(0) and S, (1) by

[1+n*1:24n%].

Sn(0) = (nany, na,), Sp(l) = (nb,,nby,).

We denote the graphs of general Markov numbers made from these sequences by

Tn = T(SH(O), Sn(l)).
We present counter examples to the general uniqueness conjecture.

Theorem 5.2.8. The uniqueness conjecture for general Markov numbers does

not hold for any graph T,, where n is a positive integer.
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In the graph of general Markov numbers 7, for any n > 0 there are triples
defined for all 7 > 1 by

(f((sn«))), K (S,(0)715,(1)), f((sn(())f’jsnu))),
(f((sn(())sna)?*j), K (8,(0)8,(1)%+1), f{(Sn(l))>.

We show that the largest element of these triples are equal, and hence the unique-
ness conjecture for general Markov numbers fails for the graphs 7,. More specif-

ically we have the following proposition.

Proposition 5.2.9. For all positive integers n and j we have that
K (S,(0)%%15,(1)) = K (S,(0)S,(1)**1).

Example 71. The sequences S,(0) and S, (1) are given for n = 1,...,4 in the

following table.
Ch Sy (0) Sn(1)
2,1, 3] (4,4) (11,11)
[5,1,6] | (14,14) (82,82)
[10,1,11] | (36,36) | (393,393)
[17,1,18] | (76,76) | (1364, 1364)
The simplest examples are in the graph 77, which contains the triples

(4,355318099, 19801199),
(2888956, 355318099, 11).

B~ w N =3

5.2.2 Proof of Theorem |5.2.8

Theorem follows from Proposition [5.2.9. To prove this proposition we first
define sequences of positive integers (Ln(j))j>0 and (Rn(j))j>0 containing the
values

K(Sn(0)5j+18n(1)) and K(Sn(O)Sn(l)%H)_
We show in Lemmas [5.2.14] and |5.2.15| that both (Ln(j))j>0 and (Rn(])) are

7>0
subsequences of another sequence (An(j))j>0 for every n > 0. Then we show

in such a way that Proposition |[5.2.9

that their elements align within (4,(j))
holds.

j>0

Definition 5.2.10. Let n be a positive integer, a,, = n?>+3, and b,, = n*+5n2+5.
Let
Iy = (nay)? +2, 7, = (nb,)* +2,

L,(1) = f((nan,nan,nbn, nb,), L,(2) = lu((nan,nan,nan,nan,nbn, nby,),
R,(1) = K(nan,nan,nbn, nb,), Rn(2)= lu((nan,nan,nbmnbm nby,, nby,).
For j > 2 let

Ln(j) = lLn(j —1) = Lo(j —2) and R,(j) =rnRa(j — 1) — Ru(j — 2).
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We relate the sequences (Ln(j))j>0 and (Rn(j))j>0 to the numbers in Theo-
rem [5.2.8

Proposition 5.2.11. The following statements are equivalent:

(i) For all positive integers n and i we have that

K (S,(00°* @ S,(1)) = K(S.(0) @ S, (1)*+1).

(i) For all positive integers n and i we have that

Ln(5i+ 1) = R (3i + 1).

Proof. Let o = (nay,na,) and B = (nb,, nb,). Note that

_[u{((yz) _ lu((naz“ Nap, Ny, ’I’LCLn) _ nan(<nan)2 + ]') + nay, — (na,n)2 + 2= ln7
K(a) K (nay,nay) i
K’(ﬁQ) B [u((nbn,nbn,nbn,nbn) nbn((nbn)2 + 1) + nb, -

_ n = = (nbn)2 +2=r,,
K(B) K (nby, nby,) nby,

9

Ln(1) = Rn(1) = K(ap),

From Theorem |5.1.5| we have, by induction, that

Ln(j) = K (Sa(0) @ Sa(1)).
R,(j) = K(Sn(0) ® S,(1)7).
This completes the proof.
[
Example 72. The first 6 elements of the sequences (Ll(j))j>0 and (R, (j))j>0

are

(Ll(j))G (191, 3427, 61495, 1103483, 19801199, 355318099),

j=1

(R1(5)))_, = (191,23489, 2888956, 355318099, 43701237221, 5374896860084).

Next we define the sequence (An(j))j>0.
Definition 5.2.12. Let A, (1) =1 and A, (2) = n(n*+4). Then for j > 2 define

Remark 5.2.13. We guessed the structure of this sequence from looking at the
case for n = 1, where (Al(j))j>0 is the sequence A022095 in [87].
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We show that (R, (j))j> is a subsequence of (A;(j))

0 j>0"

Lemma 5.2.14. For all positive integers n and j we have that
R (j) = An(107).

Proof. For any n > 0 we have na,, = 3n +n?, nb, = n® + 5n® + 5n, and also that

r, = (nb,)? + 2. Hence

R,(1) = [v((nan, NGy, nby, nby) = n'' 4 110" + 44n™ 4 760° + 51n® + 8n.

By computation we see that A4,(10) = R, (1). Also we see that

R,(2) =n®" + 210! +189n'" 4+ 951 1" + 2926 n'3 + 5655 n'! 4
6787n" + 4818n" + 1827 n° + 301 n* + 13n = A,(20).

This serves as a base of induction.
Assume that A, (10j) = R,(j) for all j =1,...,k—1, for some k£ > 2. Then

Ry(k) = rpRo(k — 1) — Ry (k — 2)
=1, A (10(k — 1)) — A, (10(k — 2)),
= ry A, (10k — 10) — A, (10k — 20),

with the first equality following definition, and the second equality following the
induction hypothesis. Note that

A, (10k — 10) = nA,(10k — 10 — 1) + A, (10k — 10 — 2)
= (n* + 1)A,(10k — 10 — 2) + A, (10k — 10 — 3)

— 214, (10k — 10 — 9) + 25 A, (10k — 10 — 10),

where 7 and x5 are given through direct computation (we used Maple software)

by
1 =n"+8n" +21n° +20n3 + 5n,

zo =n+7n’+15n" + 100 + 1.
In the same manner we have
A,(10k) = nA,(10k — 1) + A, (10k — 2)
= (n* + 1A, (10k — 2) + A, (10k — 3)

= 11 A, (10k — 19) + y2 A, (10k — 20),
where y; and ¥y, are given through direct computation by

yr =n' + 180" + 136 n'® + 560 n'? 4 1365 ntl+
2002n° + 1716 0" + 792n° 4+ 1651 + 107,

Yo =n'® + 17 0% + 1200 + 455 n'? + 1001 n'0+
1287102 492415 + 330 n* + 4502 + 1.
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Using this information we have that
R, (k) = r, A, (10k — 10) — A, (10k — 20)
= 1y, (214, (10k — 10 — 9) + 224, (10k — 10 — 10)) — A,(10k — 20)
= rpr1 A, (10k — 19) + (r,xe — 1) A, (10k — 20).
Through direct computation we see that y; = r,x; and yo = r,zo — 1. Hence we

have that
Ry (k) = A, (10k),

so the induction holds and the proof is complete. [ |

Next we show that (Li(j)),_, is a subsequence of (Al(j))j>0.

7>0
Lemma 5.2.15. For all positive integers n and ¢ we have that
Ln(j) = Ay (104 6(j — 1)).

Proof. We use induction. We have that A,(10) = L,(1), as in the proof for
Lemma [5.2.14| . We also have [, = (n® + 3n)?+2, and that

A, (16) = n'" + 17" + 1190 + 441n™ + 9250 + 108617 + 658n° + 169n° + 11n
= L, (2).

This is our base of induction. Assume that A, (10+6(j—1)) = A,(6j+4) = L,(j)
forall j =1,...,k—1, for some k > 2. Then
L.(k)=1,L,(k—1)— L,(k—2)
= 1,A,(6k —2) — A, (6k — 8),
with the first equality following definition, and the second equality following the
induction hypothesis. In a similar way to the proof for (Rn(j))j>0 = (An(j))j>o
we have that
A (6k — 2) = w A, (6k — 7) + wy A, (6k — 8),

where w; = n® 4+ 4n3 + 3n and ws = n* + 3n% + 1. Also we have

An(10+6(k — 1)) = A, (6k + 4) = 21 A, (6k — 7) + 20A4,,(6k — 8),

where
21 =n'"+10n° +36n" +56n° + 3513 +6n,
2o =n'"" +9n® +28n° + 350" + 150 + 1.
Now we have that
L,(k)=1,A,(6k —2) — A,(6k — 8),
= L,wi A, (6k — 7) + (lywe — 1) A, (6k — 8),

and by direct computation we see that z; = [,w; and z5 = [,wy — 1.
So Ln(k) = A,(10 4+ 6(k — 1)) and induction holds. This completes the
proof. [ |
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We prove Proposition [5.2.9

Proof of Proposition[5.2.9. Given Lemmas [5.2.14] and [5.2.15] we need only show
the values L, (5j+1) and R, (3j+1) align within the sequence (An (j))j>0. Indeed
we have that

Lo(55 +1) = Ay (10 +6(5j + 1 — 1)) = A, (305 + 10),

R,(3j + 1) = A,(10(3j 4+ 1)) = A,(305 + 10).

Hence the claim is proved. [ |

Theorem follows as a corollary.
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5.3 Further study

In this final section we detail some current problems in the area of Markov num-

bers.

In Subsection we state some experimental evidence for cases of the general

uniqueness conjecture not covered in Theorem [5.2.8]

In Section [5.3.2| we list some problems of interest, that have no current solutions.

5.3.1 Some experimental data for the general uniqueness

conjecture

Here we list the Markov graphs 7 (i, v) for which we have checked the general
uniqueness conjecture computationally, and found no counter examples. The

sequences have been checked to satisfy the conditions of a Markov graph from
Definition 4.1.41

For the following sequences p and v we have checked the general uniqueness
conjecture for the first 14 levels of the graph 7 (u, ) and found no counterexam-

ples.

(11,2,7,11) and v =(4,7,7,4), forl1<i,j<4
(i,11,11,5) and v = (j,4,4,5), for1<i,j<4
(11,11,11,11) and v = (4,4,4,4),

(11,1,1,1,1,11) and v = (4,1,1,1,1,4),
(11,1,2,2,1,11) and v = (4,1,2,2,1,4),
(11,2,2,2,2,11) and v = (4,2,2,2,2,4)
( )
(
(
(
(
(

Y

11,2,1,1,2,11) and v = (4,2,1,1,2,4),
11,11,1,1,11,11) and v = (4,4,1,1,4,4)
11,11,1,1,1,1,11,11) and

4,4,1,1,1,1,4,4

v=( )
11,11,1,2,2,1,11,11) v=(4,4,1,2,2,1,4,4)
11,11,2,2,2,2,11,11) and v = (4,4,2,2,2,2,4,4)

) v=(4,4,2,1,1,2,4,4).

and

and

I
Ju
J
!
Ju
i
!
Ju
!
!
Ju
i

11,11,2,1,1,2,11,11

5.3.2 Open Questions

In this subsection we mention some interesting open problems in the area of

Markov numbers that may be studied further.
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Markov sequence limits

For a vertex (a, af3, f) in a Markov tree we have the sequences
Le(v) = (a'B)izo,
Ra(v) = (aB")iz0-
We are interested in the limits of the Markov values of these sequences. That is,

for a sequence ¢ in either L4 (v) or Rg(v) has Markov value
[(0)] + [0: 3)].
The limit of the Markov values in Lg(v) is
lim (8) = lim [(Ba’)] +[0; (" B)] = [B; (@)] + [0: {o)].
and the limit of the Markov values in Re(v) is
lim (o) = lim [(B'@)] +[0; (8] = [(B)] + [0: 5 (8)]

In the graph Gs((1,1),(2,2)) these limits always equal 3. However, in other

graphs this is not the case.
Example 73. In the graph Gg((1,1),(3,3)) let a = (1,1,3,3) and 3 = (3,3).
Then the limits lim (o/ﬁ) and lim (aﬁi) are given by

816 + 115v/29
371

8413
3

lim (a'8) = [(3,3);((3,3,1,1))] +[0;(1,1,3,3)] = ~ 3.8687,

lim (a8%) = [(3,3);((3,3,1,1))] +[0;(1,1,3,3)] = ~ 3.8685.

Question. How do the limits of Markov values depend on the Markov sequences?

For what Markov sequences a and f3 is lim (o) < lim («3)?

Diophantine equation for general Markov numbers
Regular Markov numbers are given by the solutions to the equation
2+ y? 4 2% = 3ayz.

Other extensions to the theory of Markov numbers attempt to extend this equa-
tion (see [74), 27, [4] [6]).

Question. What Diophantine equation describes all general Markov numbers

contained in a tree T (u,v)?

Markov sequences

We have that the form associated with a Markov sequence attains its Markov

minimum at the point (1,0).

Question. Find general conditions on a non-Markov sequence « for its associated

form f, to attain its Markov minima at a given point.
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